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Abstract

In this paper we study the two p-adic L-functions attached to a modular forsn f
Y anq" at a supersingular prime p. When,a= 0, we are able to decompose both
the sum and the difference of the two unbounded distributions attached to f into
bounded measure and a distribution that accounts for all of the growth. Moreove
this distribution depends only upon the weight of f (and the fact thatamishes).
From this description we explain how the p-adic L-function is controlled by two Iwa
sawa functions and by two power series with growth which have a fixed infinite s
of zeros (Theorem.1). Asymptotic formulas for the p-part of the analytic size of
the Tate-Shafarevich group of an elliptic curve in the cyclotomic direction are corr
puted using this result. These formulas compare favorably with results establish
by M. Kurihara in [11] and B. Perrin-Riou in R3] on the algebraic side. Moreover,
we interpret Kurihara’s conjectures on the Galois structure of the Tate-Shafarevic
group in terms of these two lwasawa functions.
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1. Introduction

In the early 1970s, B. Mazur and P. Swinnerton-Dyer construcfeddic L-function
attached to a modular elliptic curée/Q for each primep of good, ordinary reduction
(see [LE]). This L-function can be represented as a power seriegpiiiT]] ® Qp
which p-adically interpolates the special values of the comleseries ofE twisted

by various characters. Since this power series has bounded coefficients,hgdie
Weierstrass preparation theorem, it has finitely many zeros. The number of zeros
the p-adic L-function and the slopes of these zeros are conjecturally related to certe
arithmetic invariants ok via the main conjecture.

In [2] and [27] (see also 19)]), the construction ofp-adic L-functions was gen-
eralized to higher weight modular forms, to supersingular primes, and to primes
bad reduction. At an ordinary prime for the modular form, fitadic L-function is
an element ok [[T]] ® K with K some finite extension d@p, and therefore the
L-function has finitely many zeros. At a supersingular prime, however, the situation
quite different. TheL-function can have unbounded coefficients and infinitely many
zeros. For each supersingular pripethere are twgp-adic L-functions correspond-
ing to the two nonunit roots of?> — apx + p*~1, wherea, is the eigenvalue of the
Hecke operatoiT, acting on our modular form. When the slopes of the two roots
are different, Mazur has shown that at least one of theltwonctions has infinitely
many zeros (Theorerd.3). In the equal slope case, it is known thagjf vanishes,
then one of the twd.-functions has infinitely many zeros (Theorénd).

The infinitude of the zeros of thedefunctions makes their arithmetic nature
more mysterious, especially in the context of a main conjecture. This paper attempt:
shed some light on the caag = 0. (Note that this includes the case of a supersingulal
prime of an elliptic curve fop > 3.) We sketch here our methods and results in the
elliptic curve case, though in the main body of the paper we work with modular form
of arbitrary weight havingp = 0.
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Let E/Q be an elliptic curve, and lgi be a supersingular prime witty = 0. Let
« andw be the two roots ok2+ p. We then have twp-adic L-functionsL p(E,a, T)
andLp(E, @, T) € Qp(a)[[T1]. Write

Lp(E,a, T) =GH(T)+ G (T) -« with GF(T) € Qpl[TIl.

As observed by Perrin-Riou i2]], the interpolation property defining thede
functions forcesc ™ (T) to vanish ato, — 1 andG~(T) to vanish atn_1 — 1 for all
n > 1, wherezn, is a p™th root of unity (Theoren3.5). (There is a change in parity
for p = 2.) Hence the power seri&"(T) andG~(T) have an infinite set of trivial
zeros. Note that these zeros are even independdat of

We then go on to construgtadic power series Iq4gT) and qu‘)(T) which van-
ish precisely at the forced zeros @f"(T) andG~(T), respectively (Corollary:.?).
These power series are constructed as an infinite product of cyclotomic polynomi
and are named after the-adic logarithm since their product is nearly @ + T).
The next step is to examine the functions

G (T)

+ — - - 6™
LBE D = and  Ly(E,T):= g (T’

The relation of Iog (T)toLp(E, o, T) can be compared to the relation of the gamma
function to the Riemann zeta function. The gamma function forces the zeta functi
to vanish at all of the negative even integers, and the interesting zeros of the z
function are discovered only after these zeros are removed from consideration. In ¢
setting, we divideG*(T) by Iogfg(T) hoping to uncover its more interesting zeros.
The properties of these half-logarithms are studied in Sedtian

By analyzing the rate of growth @&*(T) and Iogg(T), one sees thd.tfg(E, T)
is bounded and actually has integral coefficients. HdrfﬁeE, T) has only finitely
many zeros, an@G* (T) vanishes at only finitely many places apart from its fixed set
of forced roots. The integrality dIJIg(E, T) and LB(E, T) is the main result of the
paper and is proven in Theoreb.

We have

Lp(E, o, T) = LJ(E, T)-logy(T) 4+ L, (E, T) - logy (T) - (1)

with L%(E, T) € Zp[[T]]. The functionsL;;(E, T) and L,(E, T) can be thought

of as p-adic L-functions themselves; they are Iwasawa functions, satisfy a function:
equation, and are completely determined by an interpolation property involving sp
cial values ofl-series. Furthermore, fronilwe see that ,(E, «, T) is completely
determined by_;g(E, T) andLB(E, T) up to the purely local functions Iq;gT) and
IogB(T).
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In [22], Perrin-Riou constructed an algebrageadic L-function (defined up to a
unit lwasawa function) and formulated a main conjecture in the supersingular ca:
The algebraig-adic L-function is again a power series with growth, and in the same
manner as described above, one can extract from it two lwasawa functions that
code all of the algebraic data up to the functionsy()“g) and log, (T) (Theorem
5.17). These two Iwasawa functions should eqU%l(E, T) up to a unit via the main
conjecture. In this context, K. Kato's result on the divisibilitylof(E, «, T) by the
algebraicp-adic L-function translates immediately into a divisibility bfg(E, T) by
these lwasawa functions (Corollasy18).

Now letQx, be the cyclotomi& p-extension of). The above results can be used
to study the analytic and algebraic invariants of an elliptic clEvalong this exten-
sion. This is done in Sectiof Let Q, be the unique subextension @, of degree
p". Using Theorent.1, we compute asymptotic formulas for the analytic size of
II(E/Qn) px (i.€., the size predicted by the Birch and Swinnerton-Dyer conjecture]
This is done in Propositiofi. 10 In the ordinary case, these formulas involve the lwa-
sawa invariants of thp-adicL-function. In the supersingular case, these formulas ar
based upon the lwasawa invariantsi_q;f(E, T) andLE(E, T). This result should be
compared toZ0] (a short and overlooked paper of A. Nasybullin from 1974), where
similar formulas are stated.

The case where ofdL (E, 1)/Qe) = 0 has been studied deeply by Kurihara
in [11]. By using Kato’s Euler system for the Tate moduleEfhe produces exact
formulas for the algebraic size Bl (E /Qn) p= along the cyclotomi p-extension of
Q. Under this hypothesis, the lwasawa invariant$gf(E, T) andLE(E, T) are all
zero, and the asymptotic analytic formulas derived in this paper compare favoral
with those of Kurihara. Assuming the finitenessIdf(E/Qn)p=, Perrin-Riou has
proven asymptotic formulas for its size in terms of the lwasawa invariants attachs
to the algebraig-adic L-function. These formulas also compare well to the analytic
ones derived in this paper assuming that the algebraic and analytic lwasawa invaric
agree (i.e., assuming the main conjecture in the supersingular case).

Since writing this paper, we have learned that S. Kobayashi @h tas con-
structed two restricted Selmer groups sitting inside the full Selmer groilp afer
Qs Which are torsion over the Iwasawa algebra. He formulates a main conjectu
(in the spirit of classical lwasawa theory) that compares the characteristic power
ries of these modules thIg(E, T) and LB(E, T). Using Kato’s Euler system, he
proves a divisibility ofLﬁ(E, T) by the corresponding characteristic power series.
This formulation of the main conjecture gives a concrete arithmetic interpretation
L5 (E, T).
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2. The p-adic L-function of a modular form

The p-adic L-function of a modular form is a function on continuoGs-valued
characters oZ j x (Z/M)* (with M prime to p) defined by integration against a
fixed distribution (i.e., a measure that is possibly unbounded). This distribution
constructed to encode the arithmetic properties of the modular form. In particular, |
integrating against characters of finite order, the special values &f-8ezies of the
modular form can be recovered.

In this section we first review the theory of integration against admissible me:
sures (which are certain temperpehdic distributions). Since these measures are un
bounded, naive Riemann sums do not necessarily converge and a more technical
proach is needed. We then construct admissible measures attached to a modular
out of modular symbols and define tpeadic L-function of a modular form by inte-
gration against this measure. Finally, we describepfaalic L-function as ap-adic
power series determined by an interpolation property and a bound on its growth ({
more details, see’], [19], [27]).

2.1. Integration against admissible measures

LetZS’,\,I = Zj x (Z/M)* for some integeM prime top, and letxp : Z;’M —Z5
be the natural projection. Denote B (Z S,M) the space o€ p-valued functions on
Z;M which are locally polynomials iy, of degree less than or equallioHereh is
any nonnegative real number.

Definition 2.1
An h-admissible measure onZ g\, is a linear map fronc"(Z p.m) 10 Cp such that

sup | ((xp — ap)' - Xa+pZpw)|
anE,M

is O(p"M—1) for 0 < i < h. Hereyy is the characteristic function &f.

Remark 2.2
Definition 2.1 differs from [27, Definition 1.3], where the stronger bound of
o(p""—1) is required.

Remark 2.3
If h = 0, then Definition2.1 describes a (bounded) measure.

THEOREM?2.4
An h-admissible measureextends to a linear map on the space of all locally analytic
functions onz ; .
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Proof

This is proven by approximating a locally analytic function by the fin§t+ 1 terms

of its Taylor series expansion and forming a generalized Riemann sum out of the d
of . For a detailed proof, se@T, Lemma 1.6]. O

For f locally analytic, denotec( f) by fzx y f du. From Theoren?.4, we can inte-
p,

grate characters &fS’M againstu since they are locally analytic functions. Define a
map
L (e, ) : HomeondZ 5y C) = Cop

by the formula
L(w, x) := fz x du.

p.M
The space Hogan(Z oM Cg) has a natural analytic structure under which the above
map is analytic. We now describe this structure.

Setq = p for odd primesp, and setj = 4 for p = 2. Fix a topological generator
y of 1+ qZp. Call characters oZ; M = (Z/Ma)* x (1+9Zp) tameif they factor
through(Z/Mq)* andwild if they factor through H- qZ,. Each character (itX
can be uniquely written as the product of a tame character and a wild character l
u e Cpwith u—1|p < 1, define a particular wild charactgy < Homeont(Z X o.M Cg)
by

o & Z;,M —» Z; —14+q9Zp — Cj,
where the first and second maps are the natural projections and the third map sim
sends our chosen generafoontou. Note that the seftyy : [u — 1|p < 1} accounts
for all wild characters since & qZ, is topologically cyclic and the continuity of the
characters requires thgt(y) — 1|p < 1.

Let ¢+ be a tame character (ﬂ]S’M. The mappingu — v x, identifies the
open unit disc ofCp with the set of characters Oﬂ;’M with tame part equal
to . Since there are only finitely many tame characterszgm, we have that
Homcom(Zp M Cg) is the union of finitely many open unit discs G,.

We now state the analytic propertieslofu, x) with respect toy.

Definition 2.5
For F andG locally analytic functions on the open unit disc@f, we say thaf is
O(G) if

sup|F(2)|pis O( sup|G(2)|p) asr — 1°.

|z|<r |z|<r
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THEOREM 2.6 (see \&ik [27], Amice and \&lu [2])
For u an h-admissible measure @f, \, andv a fixed tame character o § ,, the
function L(u, ¥ xy) is analytic in u and isO(Iogp(l + M.

Proof

This is essentially proven ir2[f, Theorem 2.3]. Therh is required to be integral, and
the estimate of @og, (1 + T)Ih+1y is obtained. However, applying the arguments of
[27] with this paper’s notion oh-admissible yields the Gbgp(l + T)M) bound (see
also p, Proposition 1.4.5]). O

2.2. Admissible measures attached to modular forms
Let f be a modular form of weighk, level N, and charactet which is an eigen-
form for each Hecke operatdy, with eigenvaluea,,. Let K( f) be the number field
generated by the, and the values of; denote byZ'( f) its ring of integers.

Define the periods of by

r

$(f, P,1) i= 27 / f (P2 dz

100

forr e QandP € Z[T] of degree less than or equalke- 2. LetL s be theZ-module
generated by (f, P,r) forallr € Q. ThenL ¢ is finitely generated oveZ. In fact,
L s - K(f) has dimension at most 2 ovKr( f) (see Theorem.7). Let

n(f, P:a,m) = ¢(f, P(mz—a), %)

and fix the positive and negative partsmoy

2
n(f, Pra,m —n(f, P; —a m)

2
The following theorem expresses the algebraic propertigs of

nt(f, P;a,m) =

n~(f, P;a,m):=

THEOREM 2.7
There exist two nonzero complex numk®isand Q7 such that
+ )
n=(f, P;a, m)
— "~ eof)
Q3
foralla, m e Z and P € Z[T] with degree less than or equal tok2.

Proof
See B, Theorem 3.5.4]. O
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Define the modular symbols df by

nE(f, P;a,m)
e

AE(f, P;a, m) = e O(f).

f

We build admissible measures out of the data of these modular symbols. First we
some notation. Fix a prime numberand an embedding @ < ﬁp. Let ordy(-)
be the associated valuation@normalized so that ol p) = 1. Letv be the prime
of K(f) over p determined by orgl-), and letK := K(f),. Call a roota of o=
apX + &(p) Pk~ = O allowableif ordp (o) < k — 1.

For a fixed allowablex, we define two admissible measures Z)ﬁM by the
formulas

e(p)pk—2

chr A (L Pra pM v,

1
Wra(Pat p"MZpm) = Za*(f, Pra, M) -

wherea is prime toMp.

In the ordinary case, ogdap) = 0 and there is a unique allowabde This
a is also a unit, and the above distribution is bounded. In the supersingular ca:
ordp(ap) > 0 and there are two allowable choices éarNote thatujffa grows at a
faster rate for larger values of gstv) since powers of appear in denominators in
the definition ofu7 .

PROPOSITION2.8
Ifh = ordp(e) < k—1, then;ﬁ]{a is an h-admissible measure.

Proof

The additivity property otujﬁa follows from the fact thatf is an eigenform foiT,
(see L9, Section 10]). The bound on the growth @ta follows from [27, Lemma
3.8]. O

2.3. The p-adic L-function
We can now define th@-adic L-function of a modular form (with respect to some
allowable rootr).

Definition 2.9
With f anda defined as in Sectioh.2, the p-adic L-function of f and« is

Lp(f, o, x) = L(us;?or[u), X)-

From Theoren?.6, we know thatl 5 (f, «, x) is analytic iny, and hence we can form
its power series expansion about a tame charakctéf we denote this power series
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by Lp(f, o, ¥, T), then forT =u — 1 we have
p.M

Note that the expression of thefunction as a power series depends upon a choice
of y generating 1 gZ . However, the dependence is not serious, arid always
suppressed from the notation.fis the trivial character, then we writep(f, o, T)
for Lp(f, e, ¥, T).

The power series p(f, o, ¥, T) converges on the open unit disc. Furthermore,
if the tame part ofy is v, thenfZE X du}—ia € K(a, ¥). From this it follows that

Remark 2.10

The p-adic L-function of f also depends upon a choice @ﬁc, which are defined
only up to an element of’( f). In the case of elliptic curves, we specify a particular
choice of periods and pin down tthefunction up to sign.

We now make explicit the values &fp(f, «, -) at characters of the formé, - ¢ for
0 < j < k— 2, wherex, is the natural projection fronZ’Fj m t0Z5 andy is a
character of finite order. This is equivalent to computing the values

whereg;, is ap"th root of unity andy is a tame character. In this wayp(f, o, ¥, T)
can be thought of as a solution to an interpolation problem. In the ordinary case tt
completely determinels(f, o, ¥, T). In the supersingular case this also completely
determines thé& -function with the added condition that it be(l@gp(1+ 7)), where
h = ordp(«). (Any two functions satisfying the interpolation property differ by a
function that vanishes so often that it must grow at least as fast gsﬂegT)h.)

Let x = xé, - ¢, Whereg is some finite order character of conductor= p'M
with M prime top, and letr (¢) be a Gauss sum. Define tipeadic multiplier by

o Y(pe(ppk?] )(2- ¢(p)p! )

1
ep(e ) = = (1 - -

PROPOSITION2.11
For x as above,

mi+1 it L(f,nj+1
(—2ri)l (7D QF

’

Lp(f, e, x) = e€pla, x) -
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where L(f,, s) is the complex L-series attached to f twisted¢yFurthermore,
Lp(f, a, x) is uniquely characterized by this interpolation property and the fact that
itis O(log,(1+ T)M).

Proof
See [19, Section 14]. O

Remark 2.12
Note that the above formula depends only upoim the first factor. Ifv > 0, the
above formula simplifies greatly sineg(x, x) = 1/a".

3. Results on the infinitude of zeros of supersingulat -functions

Assume for the moment that we are in the ordinary case, so thgtayd = 0.
Then there is a unique allowable rogtto x2 — apX + £(p) p“~1 = 0 which is
necessarily a unit. In fact; € 0, and hencqu{a takes its values i@y . Therefore
Lp(f, o, ¥, T) has integral coefficients, and by tipeadic Weierstrass preparation
theorem, we can write

with P(T) a distinguished polynomial andi(T) a unit power series. In particular, this
L-function has only finitely many zeros, all encoded in the polynoridr). This is
remarkably different from the supersingular case, where we see in many instan
that the coefficients of p(f, «, ¥, T) are unbounded and that this power series ha:s
infinitely many zeros.

Assume now that orglap) > 0 and that(p, N) = 1. Then there are two allow-
able roots to<2—apx+e( p) pk—1 = 0. Call these roots; anday; for each we have an
associateg-adic L-function. The relationship between these tiwdunctions allows
us in many cases to prove that one (or both) have infinitely many zeros.

Let hy = ordp(e1) andhy = ordy(e2) be ordered so thdt; < hy. Thenhy
ranges from zero tk — 1)/2. Whenh1 = 0, we are in the ordinary case, and when
h; = (k — 1)/2, thenh, = h; and we are in the most supersingular case. The firs
result of this section discusses the case when @1 # hy, and the second result
discusses the case whap = 0, which is a special subcase of the most supersingula
case.

Definition 3.1
For K a finite extension oQp, set

</ (K) :={f e K[[T]]| f is convergent on the open unit disc®}.
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The following lemma says that if suchpaadic power series has finitely many zeros,
then its coefficients are bounded. We would like to thank Adrian lovita for showin
us the following argument.

LEMMA 3.2
Let K be a finite extension @¥,. Then f(T) € </(K) has finitely many zeros if and
only if f(T) € Ok[[T]] ® K.

Proof

By the Weierstrass preparation theorem, any elemefikdfT ]]® K has only finitely
many zeros. Conversely, takeT) € o/ (K) with only finitely many zeros. Then all
of its zeros must be algebraic ovkr. Let P(T) be a polynomial inK[T] with the
same roots (counting multiplicity) as(T). Then from [L2, Lemma 1], there is some
0(T) € &/(K) such thatf (T) = P(T) - g(T). Sinceg(z) is nonzero for alk in the
open unit discg(T) is a unit in«/(K) (see [L2, Proposition 4.1]). Finally, by12,
(4.8)], the units ofer (K) areK> - (1 + T Ok [[T]1]), which completes the proof. o

THEOREM 3.3 (Mazur)
Suppose thath> 0 and hy # hs. Then for a fixed tame charactgr on Z;’M, at
least one of lp(f, a1, ¥, -) and Lp(f, a2, ¥, -) has infinitely many zeros in the open

unit disc.

Proof

From Remark?.12, we have
Ch

Lp(f,(xl, ws é‘n_l) = Ws

Cn
Lp(fa0, ¥, tn— 1) = a1l
for some constartd, independent of; . (Here we are implicitly assuming that#£ 2.
For p = 2, the exponent on the; would ben + 2, making little difference in the
argument below.)
Suppose that bothp (f, a1, ¥, T) andL p(f, a2, ¥, T) have finitely many zeros.

Then Lemma3.2 says that they both have bounded coefficients. By the Weierstra:
preparation theorem, we can write

Lp(f,a, v, T) = p"tP(THU1(T)

and

Lp(f, a2, v, T) = p"2P2(T)U2(T),
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where theP, are distinguished polynomials of degréeand theU; are unit power
series. Then for large, L p(f, «j, ¥, ¢&n — 1) has valuatiom; 4 d; - ordy(¢n — 1). We
also know that

o Lp(fon ¥t — 1) = o™ Lp(f, 02, ¥, &0 — D).
Taking valuations yields
hi-(N+1) +ry+dp-ordpg(en —1) =hz-(n+ 1) +r24+dz-ordp(en — 1)

for largen. Since org(¢n — 1) tends to zero for large andhy # hz, we have a
contradiction. Hence one of the two power series has infinitely many zeros. o

Remark 3.4
Note that this proof does not indicate which of the tidunctions vanishes infinitely
often. It is conjectured that both of thekefunctions have infinitely many zeros.

We now considerf with a, = 0, which puts us in a special case of the most supersin
gular case. Again we prove that one of the tlxdunctions has infinitely many zeros,
and in some cases we see that both have infinitely many.

THEOREM 3.5 (Perrin-Riou)

Suppose that@= 0 (and hence thath= hy). Then for a tame charactefr onZS’M,
one of Ly(f, a1, ¥, ) and Lp(f, a2, ¥, -) has infinitely many zeros in the open unit
disc. Ifa1 ¢ K(¥), then both L-functions have infinitely many zeros.

Proof
Let
Lp(f.ar . ) + Lp(f oz, v, T
Gym = eV D LeQe2 Ve D o i gyemy
and
Lp(f, a1, ¥, T) = Lp(f, a2, 9, T
Gy = oY )Za p(h o2V D o g orrm.
1
Then

Lp(f,a1,¢,T) = G$(T) + G (T) - e
As before, we have

Cn Cn
I—p(ﬂ“lﬂ/f,fn—l)zm and Lp(f,()lz,l/f,;n—l)zm
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for some constart, independent of the;. (If p = 2, the exponents on the should
ben + 2.) Sinceap = 0, we haver; = —ap. Hence

Lp(f7ala W7 gn_l) = Lp(f,CVZ» w’ Cn_l)

for n odd and
Lp(f’alv ws é‘n - 1) = _Lp(f» a2, wv Cn - 1)

for n even. This forcleZ(Qn -1 =0 andG;(Qn_l — 1) =0foralln > 0. (If
p = 2, then the parities are reversed.)

Assume now that both p(f, az, ¥, T) andL p(f, a2, ¥, T) have finitely many
zeros. Then Lemma.2 guarantees that both have bounded coefficients. Hence bo
GJ and GI/_, also have bounded coefficients. p; and G; have infinitely many
zeros, which is a contradiction.

Therefore one ok p(f, a1, ¥, T) andL p(f, a2, ¥, T) has infinitely many zeros.

If 1 ¢ K(¢), the two power series are conjugate and hence both have infinitely mau
zeros. O

COROLLARY 3.6

Suppose that p is a supersingular prime for an elliptic curve E @€Fhen at least
one of Ly(E, a1, ¥, T) and Lp(E, ap, ¥, T) has infinitely many zeros in the open
unit disc. Ifay ¢ Qp(v), then both functions have infinitely many zeros.

Proof

For p > 3, we haveap = 0 sincep | ap andap < 2,/p. Therefore Theorer.5
applies. In the cas@ = 2 or 3 andap # O, thenap, = +2 or £3. In these four
casesg1 /a2 is not—1 but rather is a fourth or sixth root of unity. This still forc@%
andG}, to have infinitely many zeros, which is enough to make the above argume
work. O

4. The half-logarithms IogJIg and Iog;
In the proof of Theorens.5, it was shown that for a modular formwith ap = 0 we
can write

Lp(fa, ¥, T) =G (T)+ G, (T) - a,

WhereGjIj vanishes ato, — 1 andG; vanishes ato,_1 — 1 for alln > 0. The
interpolation data also force@j,j(yj clon— 1) = Gl;(yj < fm_1 — 1) = 0 for
0<j<k-—2 Wewill see thaGJ andG;, have only finitely more zeros than this
fixed set of forced roots.

In fact, there exist two power series lpgnd log, ir_] <7 (Qp), depending only on
k andy, such that Iog and log, have simple zeros gt/ - ¢on — 1 andy’ - ¢on—1 -1,



536 ROBERT POLLACK

respectively, forj between zero ankl— 2, n > 0 and such that

i _
logp, log,

have bounded coefficients. (Recall thapit= 2, then there is a parity switch and the
roles of Iog‘g and log, should be interchanged.) The notationjrfdg chosen to reflect
the fact thatp? - T - Iog;g -log, equals thep-adic logarithm wherk = 2.

In this section we construct qugand log, as an infinite product of cyclotomic
polynomials. We also study the rate of growth of ﬁogorove a trivial functional
equation for these power series, and state an interpolation property that they satis

4.1. Construction ology;

We first construct two functions I@gj and qu‘),j in .« (Qp) which vanish aty! -
on — landy! - 01 — 1, respectively, for dixedintegerj and alln > 0. We then
take the product of these functions ovebetween zero ankl — 2 to form our main
functions log and log.

Let ®n(T) = t";ol TPt e thep"th cyclotomic polynomial.

LEMMA 4.1
For any integer j, the products

1 =/ Pon(y 1A+ T))
'Ogﬁ,j(T):z_p'El( = D ).
_ 1 & Py 1 A+T))
|09p,j(T):=—p-£[l< a1 5 )

converge and define power seriesQp[[T]] which are convergent on the open unit
disc. The zeros dnglg’j (resp.,log;’ J-) are preciselyy ! - ¢on — 1 (resp.,y! - ton—1—1)
for n > 0, and these are all simple zeros.

Proof
We prove the convergence for the first product; the proof for the second is similar. -
see that the product converges, it suffices to see that

don (y 1A+ T))
p

—1 asn— oo.

Let fo(T) = (1/p)@an(y 1 (1 4+ T)) — 1; we must show thaf, — 0 asn — oo.
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We have fok < 2n,

p—1
i Don(2k) 1 p"1t 1
fay) k- =—"L—-1=2= g —1=>(p—1=0.
" P p<t:0 “ ) P
Soifwnj = yl-a+ T))pZH — 1, thenwn j | fn. Since itis clear thabn j — O

asn — oo, we get our desired convergence.

As for the zeros of these power series, by construction‘g’]ogesp., Iogj, j)
vanishes ai/j ~fon—1 (resp.,yi - Lon—1 — 1). To see that these are the only zeros,
note that
. Ta+THP" -1
im (y1(1+T))

n— 0o p"

log,, (y_j 1+T) =

a .
. Dy~ 14+ T))
nll—r;noolI p ’

(- @a+T)-1).
k=1

and hence .

log,(y ! (1+T))

y @+ -1

Since Iogj(y*j (14 T)) has simple zeros aztj -¢n — 1 forn > 0 and no other zeros,

the zeros of Iog, j and Iog‘g’ j are exactly as specified in the lemma and all of these

zeros are simple. O

p?-log} ;(T) - logy, ; (T) =

COROLLARY 4.2
The power series

k—2

logh (T) := [ ] log}, ; (™),
j=0
k—2

log, (T) := [ ] log,, ; (T)
j=0

in Qp[[T]] (depending only on k and our chosen generatpare convergent on the
open unit disc, and the only zeroslofjpr (resp. log,,) are simple zeros atl . oon—1
(resp.,yi -fon—1—1)for0< j <k—2andforn> 0.

Proof
This all follows from Lemmat. 1. O
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COROLLARY 4.3

We have - _
— logy(y ™) - (14+T))
log! (T) - logy (T) = ik .
% (1106 (D) gpz-(y—l-uﬂ)—n
Proof
This formula follows from the proof of Lemma 1. O

4.2. The rate of growth ology;

Definition 4.4

For F and G locally analytic functions on the open unit disk Gf,, we say that
F~Gif FisO(G) andG is O(F).

LEMMA 4.5
We havdog} (T) ~ log, (T) ~ log, (1 + T)®k=1/2,

Proof
By Corollary4.3, it suffices to show that Ioﬂp ~ log,. We have

: r
sup (@ R 142 = ——.
|z|p<pr| ”(V ( ))ip pn—l(p_ 1)

Comparing our infinite products term by term, we see thaglisg)(logg) and Iogg
is O(T - log}). But T is bounded, and hence Ipg~ log; . O

4.3. Functional equations fdogﬁ

The natural change of variables in tfievariable for a functional equation i —
1/(14+ T) — 1. The next lemma shows that ngamd log, are invariant under this
change of variable whelk = 2.

LEMMA 4.6
For k = 2 we have

1
+(_— _ +
log (1+T 1) = log; (T),

Iogg (:LJFLT — 1) = IogB(T).

Proof
We prove the functional equation for ngthe argument for Iog is the same. By
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definition,
Do (1/(1+T))
p

Ox(L+T)- (L4 T)P*P-D
p

og} (3 ~1) =

=~
Il
N

—12

ol olEF
—12

=~
I
a8

(since the roots oby are invariant undez — z‘l)

15y O+ T)
= — 2 —ogi(T
IOU p % (1)

since[[p2,(1+ T)P* (=D = 1, O

4.4. Interpolation property ofogzr'f

In the case wherk = 2, both Iog‘g(T) and Iog’j(T) are c(logp(l + T)), and hence
they are uniquely determined by their valuegat 1 for all n. The following lemma
describes these values.

LEMMA 4.7
For k = 2,
0, 2|n,
IOng({ _ 1) — B (n=1)/2
a ™02 ] @pm, 21n,
n/2
B p 2L ] ®25-1cn). 21,
|09p(§n - 1) = 11:[1
0, 2fn.
Proof
Form > n,

DPm(en) =1+ (¢n) pmt 4+ 4 (&n) p™1(p-1) = p.

Hence the terms in the tail-end of the products describin@d;}g— 1) areall 1, and
the beginning part of the product is what appears in the above formulas. O

The following lemma computes the valuations of these special values and is usefu
Section6.3.
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LEMMA 4.8
Fork = 2,

pn—l_pn—2+...+p2_p_n+l

+ — =
ordp (Iogp(gn 1) o 1(p 1) 5 for n odd,
3 _pnfl_pn72+.“+p_l n+2
ordp (Iogp(;“n 1) = T Ip 1) 5 for n even
Proof
Form < n,
P -1 m-—1
o} = = .
m(¢n) (gn)Pm’l -1 ‘n-my1—1
Hence . -
P =-p
ordp (cbm(fn)) = —p”_l(p -
and the lemma follows. O

5. Description of p-adic L-functions in terms of Iogfg and log,

5.1. Main result

Recall thatf is a modular form of weighk, level N, and charactet which is an
eigenform for allT,. We have thaK ( f) is the number field generated by the eigen-
values of f and the value of. Let p be a prime number, and I& be the completion
of K(f) at our chosen prime ovegy. Let » be a Dirichlet character of conductbt.
Here bothM andN are assumed to be prime o Let Ky, be the field generated by
the values of) overK, and letd, be its ring of integers. Finally, leky, = 0y [[T]]

be the lwasawa algebra.

THEOREMS5.1
If pis odd and @ = 0, then

Lp(f,a, ¢, T) = LE(F, 9, T) -logh (T) + Ly (f, ¥, T) - logy (T) - «,
where L5 (f, ¥, T) € Ay ® Ky. If p=2and & = 0, then

La(f.a, . T) = LI (. 4. T) -logy (T) + L5 (f, ¢, T) - log (T) - e,
where 5 (f, ¥, T) € Ay ® Ky.
Proof
We argue in the case whepeis odd. Write

Lp(fa, ¢, T) =G (T) +G,(T) -,
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as in the proof of Theoremi.5. The interpolation property from Propositichl1
forces _ _

G,(¥! - tn-1D=0 and G, (' tn-1-1=0
for0 < j < k—2andalln > 0. Since all the zeros of Icé;g(resp., log) are also
zeros ofG;; (resp.,G;), [12, (4.8)] tells us that

+ —
logy 1G;,  and log, 1G,

in Ky [[T1] (even ines/ (Ky)). Let

Gl G,

Li(hy. D =—%  and  Ly(fy.T)=_—2.
log,

By Theorem2.6, G;/(T) and G, (T) are Qlog,(1 + T)*~1/2), and by Lemma
4.5, logf(T) ~ log,(T) ~ log,(1 + T)k=D/2 Hence bothLf(f, ¥, T) and
Lg(f, ¥, T) are Q1) (i.e., bounded). From the following lemma, we can con-
clude thatLpr(f, ¥, T) and Lg(f, ¥, T) have bounded coefficients and thus lie in
Ay @ Ky. |

LEMMA 5.2
If G € &/ (K) is a bounded analytic function, then G has bounded coefficients.

Proof
LetG(M) =) & T andletN = SURZ) <1 G(2). Then this maximum value is given
by N =sup ;& z |p, and taking z|p close to 1, we conclude thi[p < N. 0

5.2. The case of elliptic curves

5.2.1. Definition of p-adic L-functions

Let E be an elliptic curve ove®. SinceE is modular (seed9], [4]), we define the
p-adic L-function of E to be thep-adic L-function of the corresponding modular
form. More precisely, letr : Xo(N) — E be a modular parametrization, so that
7*(wg) = c¢- fg - dg/q with ¢ the Manin constant forr and fg a normalized
newform of weight 2 and levell. Here,wg is the Neron differential ofE.

To define thep-adic L-function of fg, we need to make a choice of periods (as
in Theorem2.7). We now pin down these two periods up to sign. B&tgenerate
Hy(E, Z)*. Define

o J5+ wE if E(R) is connected
B 2. [+ wg otherwise
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which is uniquely determined up to sign. We then definegkalic L-function of E
by Lp(E,a,-) = Lp(fE, «, ), where thep-adic L-function of fg is defined using
Qf.

Remark 5.3

In Section2.2, modular symbols were notated by ( f, P; a, m), whereP is an inte-
gral polynomial of degree less than or equakte 2. Sincek = 2 for elliptic curves,
the P term becomes irrelevant. Furthermore, wheris trivial, A= (f, P; a, m) de-
pends only on the rational numbafm. In the case of elliptic curves, we adopt the
(standard) notation

[%r = AT (fg, L a, m).

Remark 5.4
The periodsszE do not necessarily satisfy the requirements of TheatemFor ex-
ample, takeE = Xo(11) andp = 5. Then

[0+ = (./;(;o fE) _

— =
$2g

1
3
However, for a fixed curv&, the denominators of the modular symbols are bounded
In fact, at a prime of good reduction witly, % 1 (mod p), then Za/p"1* € ¢z,

wherec is the Manin constant foE (see [L4, Theorem 3.3)).

Remark 5.5

For p a prime of good supersingular reduction, the Manin constastprime top.
This fact follows from the fact thaE[ p] is irreducible and from7, Corollary 4.1]
whenp is odd and {] when p = 2. In particular, 2a/p"]* € Z,, for suchp.

5.2.2. Main result for elliptic curves

Whenap, = 0 (modp), we are in the supersingular case, and then certainly
Lp(E,a, T) ¢ Zp[[T]]. In fact, by Theoren®.5 Lo(E,a, T) ¢ Zp[[T]] ® Qp. We
know from Theorenﬁ.lthatL?;(E, T) and LB(E, T) have bounded coefficients. In
the case of elliptic curves, we can strengthen this to say that they are actually integ
power series.

THEOREMb5.6
Let E/Q be an elliptic curve with g = 0. If p is odd, we have

Lp(E, o, T) = L3(E, T) - logy(T) 4+ L, (E, T) - logy (T) -
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with LJ[g(E, T),L5(E, T) € Zpl[[T1], and if p= 2, we have

1
Lo(E,a, T) = LJ(E, T) - logy (T) + L5 (E, T) - 5 logs (T) - o

with L3 (E, T), L5 (E, T) € Zo[[T11.

Remark 5.7
The extra factor of A2 appearing wheip = 2 is necessary to ensure tHaJ (E, T)
liesinZo[[T]].

Remark 5.8
To ease notation, at times we refertg (E, T) asLy.

Since the weight offg is 2, L p(E, o, T) is defined by a limit of standard Riemann
sums that lend themselves to explicit computation. Approximating by Riemann sun
we havel p(E, o, T) = limp_.» Ln, Where

Lo= Y. Wi,@+p"Zp) (14 T)%@/ %0, @
as(Z/pM*

If Ln = G/ + G, - «, thenG;}y — GT andG,, — G~. The following lemma gives
precise formulas fo6 andG;, . The proof of Theorerh.6then follows from simply
counting the number gb’s in the denominator oltfg(E, T) and seeing that there are
none.

LEMMA 5.9
For p odd,
ERUCEY [i]+(1+ T)/09p(@)/10gp(7) 20 n
n 9 b
Gt = as(Z/pM*
" |epen 3 [ a 1]+(1+ T/085(@/198,() 24
n— ’
ae(Z/pM*
and
n— ’ ’
G- — ae(z/pM*
" | epe 3 [i]+(1+ Tyo%@/0g,1) 2 4p
n ’ :
as(z/pmx
Proof

Writing the expression fok, in (2) in terms of 1 and yields the above formulas for
G andG;, (see also3, page 230]). |
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Proof of Theoren®.6
We prove this forp odd and forL}; the other cases follow similarly. Note that
forl1 <k <n-—1Lnk—1) = Lp(E,a, ¢k — 1) since the Riemann sum per-
fectly approximates the integral. We know ti@it (¢« — 1) = 0, and hence we have
Gi(tx—1) =0forl<k<[(n—1)/2

Therefore we can write

-1)/2
[(n-1)/2] Dor(1+T)

Gr = <% e p

)L with Ljq € QplTl.
But from Lemma5.9 and Remark.5, we see thapl"™D/2l . Gt e Z,[T]. Since
eachdx(1+T) divides pl"/21. GIin Z 5[ T], we conclude thalt § , has integral
coefficients.

Taking limits yields

G = loggr .Lg with L; € Zpl[TII.

The case is similar fotg and forp = 2. (Note that forp = 2, one must exploit a
symmetry in the Riemann sum definihg,(E, o, T) to remove the extra factor of 2
appearing in Remark.5.) O

The following theorem of Rohrlich guarantees that fhadic L-function ande; are
not identically zero.

THEOREMS5.10
Let E/Q be an elliptic curve, and let p be a prime number. Then there are only a finit
number of characterg of p-power order and conductor such thati, x, 1) = 0.

Proof
See PA4]. O

COROLLARY 5.11
We have that L(E, o, T), Lg(E, T),and LE(E, T) are all nonzero functions.

Proof
Theorem5.10implies thatL o (E, «, T) is a nonzero function since, by Proposition
2.1], it interpolates the values af(E, x, 1). Also, we have

Lp(E, &, eon-1—1) = L (E, ton—1— D - logf (con-1 — 1),
Lp(E, o, ¢on —1) = L (E, ton — 1) - logp(¢on — 1) - a.
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Since Iog(;zn,l —1)and Iog;(Qn — 1) are both nonzero, it follows tha.tJ,g(E, T)
and Lo(E, T)are also nonzero functions. O

COROLLARY 5.12
Let E/Q be an elliptic curve, and let p be a prime with & 0. Then L(E, «, T)
and Lp(E, @, T) have only finitely many common zeros.

Proof

Any common zero of. ,(E, o, T) andL p(E, @, T) is a zero of bottG*T andG~. By
Theorem5.6, Gt = IogJIg -L?; andG~ = logy -L}; with Lfg € Zpl[[T]]. Now Iogﬂl,r
and qu‘) have no common zeros, Whileg andLg have only finitely many common
zeros (by Corollarys.11). From this we conclude th&* andG~ share only finitely
many roots, completing the proof. O

5.2.3. Functional equations for{;_(E, T)
The functional equation folc p(E, «, xy) reads

Lp(E, o, XU) = €N - uc : Lp(E, o, Xu*l)a

whereey is the negative of the sign dfg (i.e., wn(fg) = —en fg) andc € Z; is
such thaty =¢ = (N). Here() : Z; — 14 pZp is the natural projection. In terms of
Lp(E,a, T), we have

1
Lp(E.a. ) =en - L+ T Lp(E.a, e 1).

Both LJrg(E, T) andL ; (E, T) satisfy a functional equation of this type.

THEOREM5.13
With Lg(E, T) and L;(E, T) as in Theorend.1,

Lp(E,T)=en-(1+T)° L;(E, HLT — 1)
and
Ly(E.T) =en - (1+ T L;(E, 1# - 1).
+T
Proof

From Lemma4.6, we know that

log} (%) = log}(T) and log, (—) = log,, (T).
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So expressing the functional equation fop(E, , T) in terms ofLpr(E, T) and
L, (E, T)yields

1
log (T) - (Lg(E, T)—en@+ Ly (E, = 1))

1
= logp (T) - (Lg(E, T)—en(+ Ly (E, e )) @

But the nonzero coefficients of the left-hand side have valuatio&s while on the
right-hand side each has valuatiof2 with n an odd integer. This forces both sides to
be identically zero, and the functional equationsquSr(E, T) andLB(E, T) follow.

O

5.3. Algebraic p-adic L-functions

In [22], Perrin-Riou constructed algebrajz-adic L-functions attached to elliptic
curves at odd supersingular primes. The natural setting of these algebadic L -
functions is a ring of power series with growth tensored by the Dieuglonodule
associated to the elliptic curve.

Translating into our more naive languagepadic power series, for each rast
of x% — apx + p = 0 there exists an algebrajadic L-function (determined up to
a unit power series). This-function (denoted by%'g( E,a, T))isin .« (Qp(x)) and
is O(log, (1 + T)/2).

Remark 5.14

When context demands, we refeitg(E, «, T) defined in Sectiog.3and L:,';(E, T)
constructed in Sectio@.Z.ZasL%”(E, a,T) andL%“i(E, T), respectively, to empha-
size that they are analytjg-adic L-functions.

The following is the main conjecture for elliptic curves in the supersingular case (s¢
[22, page 985] and]3, Conjecture 3.1.1]).

CONJECTURES.15 (Main conjecture)
Let E be an elliptic curve ove® with p a supersingular prime. Then

LaYE, , T) = u(T) - LY%(E, o, T),

where UT) isa unitinZp[[T]].

As in the ordinary case, much progress has been made towards this result using Ka
construction of an Euler system for the Tate modul& of
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THEOREM5.16 (Kato)
Let p be an odd prime, and let/R) be an elliptic curve. Then

L&E, o, T) = h(T) - L}%(E., o, T,

where (T) € Zp[[T]] ® Qp. Furthermore, if the Galois representation on the p-
torsion of E is surjective, then(i) can be taken to be i p[[T]].

Proof
See P, Theorem 12.5] and?3, Theéoeme 3.1.3]. O

The results of Sectiof.1 also apply toL 3%(E, e, T) in the case,, = 0.

THEOREM5.17
Let E/Q be an elliptic curve, and let p be an odd prime with-& 0. Then

L3%E. o, T) = L3%7(E. T) - log} (T) + L3® (E, T) - logy (T) -

with L3¢ (E, T), L3%(E. T) € Z,lIT1] ® Qp.

Proof

We have that. 39(E, o, T) + L3%E, @, T) vanishes atz, — 1 (resp..tan_1 — 1)
forn > 1 (see P2, Proposition 2.1.4]). Furthermore, these algebtaitinctions are
O(log, (1 + T)Y/2) (see P, Theorem 16.4(ii)]). The theorem then follows from these
two facts as in the proof of Theoreml O

COROLLARY 5.18
If pis odd and g = 0, then L3%*(E, T) | LA"(E, T) in Zp[[T11 ® Qp.

Proof
This result is immediate from Theorehla O

6. Consequences for elliptic curves in the cyclotomic direction

Let Q be the cyclotomi& p-extension with subfield®, of degreep” overQ. The
arithmetic of an elliptic curveE along this extension is conjecturally controlled by
the special values df§(E, «, T). In this section we explore the conjectural conse-
guences of Theorem 6in this setting.

6.1. lwasawa invariants of p-adic L-functions
For f(T) € Zp[[T]] ® Qp, we can write

f(T) = p“M . P(T)-U()
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with P(T) a distinguished polynomial of degre€f) andU (T) a unit power series.
The valuesu(f) andi(f) are the lwasawa invariants 6f(T).

Such invariants can be attached to theadic L-function of an elliptic curve at an
ordinary primep. However, for a supersingular prime, thefunctions have growth
and do not have a single or u-invariant. Instead, we can define twanvariants and
two p-invariants for each -function based upon Theore®t and Theorend.17.

Definition 6.1
Let E/Q be an elliptic curve wittap = 0. Then define
=AU R = AR5,
[
I’Lan I’L(Lani)9 and I’La|g M(Lagi)
Remark 6.2

These)- andu-invariants were also defined by Perrin-Riou &3], Her method dif-
fers from the one presented here in that she constructs these invariants without ne
ing to build the underlying lwasawa functlohgni(E T) or Lalg i(E, T). Her con-
struction also allows these invariants to be defined even in the case aghgre (but

is still divisible by p).

In the ordinary case, R. Greenberg has conjectured that-theariant vanishes when
E[p] is irreducible (see’, Conjecture 1.11]). Whemp is supersingularE[p] is al-
ways irreducible. This observation together with a large amount of numerical da
leads us to extend his conjecture to the supersingular case.

CONJECTUREG.3
Let E/Q be an elliptic curve, and let p be a prime such thata 0. ThenuZ, =

+
Maig = 0.

Both A-invariants can be further refined. LBt be a distinguished polynomial. De-
composeP as a producPyy - Py, wherePy vanishes (with correct multiplicity) at
all of the p-cyclotomic zeros oP (i.e., the zeros of the forrgy, — 1). LetAyw be the
degree ofP,w, and leth,; be the degree dP,;, so thath = Ayw + Ay .

In the following sections we give bounds for the analytic rankegf),) and
asymptotic formulas for the analytic size Gfi (E/Qp) px in terms of these:- and
A-invariants.

6.2. Growth of the Mordell-Weil group in the cyclotomic direction
Let E be an elliptic curve ove, and letp be any prime number (not necessarily
supersingular foE).
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Definition 6.4
The(p-adic) analytic rankof E(Qp) is defined by

ra(EQn)) = Zord{ (LBYE, . T)),

where the sum is taken over aifth roots of unity and orgd_1(-) represents the order
of vanishing at — 1.

Remark 6.5

The p-adic analytic rank should conjecturally agree with the (complex) analytic ran
of E(Qn) defined by the order of vanishing of the complesseriesL (E/Qp, s) at 1

so long asE has good reduction at.

The following lemma says that in the supersingular case the above definition is inc
pendent ofx.

LEMMA 6.6
Let E/Q be an elliptic curve, and let p be a supersingular prime for E wigh=a0.
Then

Zordg_l (L3E, . T)) = Zordg_l (L3E.@. T)).
¢ ¢

Proof

Let ™ represent thath derivative off . ThenLg‘)(E, «, T) and L},”)(E, @, T)are
conjugate power series related by sasme GaI@p/Qp). Note that is independent
of n. Hence

ord; 1 (LYYE, @, T)) = orde 1 (LYYE, @, T)),

from which the lemma follows. O

The stronger result that these sums should match up term by term is preferable
expected from Birch and Swinnerton-Dyer—type considerations. We now prove tf
whenp =3 (mod 4.

LEMMA 6.7
Let E/Q be an elliptic curve, and let p= 3 (mod 4 be a supersingular prime for
E. If ¢ is a p'th root of unity, then

ord, _1 L";‘,”(E, o, T) =ord;,_1 L";‘)”(E, o, T).
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Proof

Let ¢ be ap"th root of unity, and choose € Gal(Qp/Qp) such thatg® = ¢~1.

Sincep = 3 (mod 4 anda is a square root of p, we havex® = —a. (Consider
the representation of a Gauss sum.) Therefotey” (E, o, T) andL )’ (E, @, T) are
conjugate power series lay. We conclude that

ord,-1_; L%”(E, o, T) =ord; 1 L%”(E, o, T).
Finally, from the functional equation fdrp(E, «, T), we have
ord, _1 L%“(E, a,T) =ord-1_4 L%”(E, o, T),

which yields the result. O

By a theorem of D. Rohrlich (Theorem.10), it is known thatE(Q) has finite
analytic rank. (This is now known algebraically via Kato’s Euler system even in th
supersingular case; se€&9].)

In the ordinary case, it is clear the®"(E(Q)) is bounded by the.-invariant
of the p-adic L-function. (In fact, it is equal td.,w.) In the supersingular case, we
give bounds for this analytic rank in terms of thenvariants ofL3" " (E, T) and
LS S(E, T):

COROLLARY 6.8
For p a supersingular prime of E such thatsp3 (mod 4 and g =0,

r*(EQoo)) < A + Ao -

Proof
It suffices to prove the following claim:

ord;,—1 L' (E, T), 2]n,

ordy,_1 L&YE, &, T) <
ot lp ord;,_1 L3*T(E, T), 2¢n,

for any p"th root of unityZ,. We consider the case wharés odd; the case af even
is similar.

Applying Lemma6.7, we have org,_1 L%”(E, o, T) = ord;,—1 L%”(E,&, T);
we call this common valuen. ThenG*(T) = (L3E, o, T) + LIE, @, T))/2
vanishes at least to orderat¢n — 1. SinceG* = L' - log}; and logj is nonzero
at¢, — 1, we have that 3 also vanishes at least to orderat ¢, — 1. O

6.3. Valuations of special values of L-series
The description of thg-adic L-function given in Theorens.6 allows one to com-
pute the valuations of special values lofseries twisted by finite-order characters
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of 1+ qZp. Compare the following proposition td ], Proposition 2.1] and to2[3,
Proposition 4.1.2].

PROPOSITIONG.9

Let E/Q be an elliptic curve, and let p be a prime such that & 0. Let x be a
character ofzg with order g'. Denote byr (x) the corresponding Gauss sum. Then
for p odd and n large enough,

pn_l—pn_2+"'+p_l+)‘;n _
_ > 2|n’
L(E, x 1, 1) B pn—l(p_l) Man
Ordp(t(X)Q—E) = pn—l _ pn—2_|_...+ p2 = p—l—)»;n
+ut, 2fn
P 1(p—1) Ham '

For p = 2, the Iwasawa invariants of {* " (E, T) and L3*~ (E, T) are interchanged.

Proof
We give the argument fgp andn odd; the other cases are similar. From the interpo-
lation property (Propositiofi.11), we have

1 p" LEx LD
o+l .L-(X—l) Qe

’

LAE, o, tn — 1) =

wherey (y) = ¢n. Hence

L(E,x 5D

T(x) o

=+ LPE 0. tn = 1)

sincet(x) - t(x 1) = £p™*1. To compute the valuation of the right-hand side, we
use Theorend.1 We have
L3YE, @, tn — 1) =logj (¢a — 1) - L3V (E, & — 1).

As usual, writeL3* " (E, T) = p#an. P* .U+, SinceP is a distinguished polyno-
mial, if n is large enough, then the leading termRsf dominates and

)»+
+ _ .+ an
o (5" = ) = ttan + g1y =y
Lemma4.7 computes the valuation of I<§Q§n — 1). Putting this all together yields
the result. O

6.4. Growth of the Tate-Shafarevich group in the cyclotomic direction

In this section we derive asymptotic formulas for the growth of ghpart of the
analytic size ofllI(E/Qp) (that s, the size ofl1(E/Qn) o as predicted by the Birch
and Swinnerton-Dyer conjecture).
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Define the analytic size of the Tate-Shafarevich group by

LT (E/Qn, 1) - #E'°"(Qn)? - /D(Qn)
QE/qQ, - R(E/Qn) - Tam(E/Qn)

whereD(Qy) is the discriminantR(E/Qy) is the regulator, TaE /Qp) is the prod-
uct of the Tamagawa numbeRg q, is the real period, and, is the rank ofE(Qn)
(see [L3, p. 57] for a precise statement of the Birch and Swinnerton-Dyer conjectul
in this level of generality). Furthermore, lebe the rank oE(Q).

#man(E/Qn) =

PROPOSITION6.10

- HILI™(E/Qu)
f2" = ord ).
1 Orp<#IHa”(E/Qn—1)>

Then for n large enough and p odd,
PP P14+ G-+ PP D s 21D,

o 2 P+ G- D+ PP - D gy 210,

p
p

an __
fan =

(For p = 2, the roles of 3" (E, T) and L3 (E, T) are reversed.) Moreover, if
ordp(L(E, 1)/Qe) = 0, then §" = f2" = 0 and the above formulas are valid for
n> 2.

Proof
Pick n so large thatE(Qn) = E(Qn_-1), TamE/Qn) = Tam(E/Qn-1), and
L(E, x,1) # O for x of orderp".
We then have
#H_Ian(E/Qn) _ (l_[ L(E/Q7 X 1)) . Cn

= NN 3
#II1*"(E/Qn-1) QE/Q ®)

where the product is taken over glicorresponding t®y but not toQp_1 and with

_ n+1
ordp(cn) = p"Hp—1) - ——

One determines the valuation @f by computing the discriminant @&, and noting
n

that R(E/Qn) = p™ - R(E/Qn-1) andQe q, = (Qe/q)” -
The result then follows from Propositigh9, (3), and the fact that

ordy (JTr(0) = p"Xp—1)- %1
X

where the product is taken over characterQgfot corresponding tQn_1. O
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Remark 6.11

In the case where opdL (E, 1)/Qg) = 0, p is odd, and the Galois representation
on E[p] is surjective, Kurihara has proven thdi(E/Qn)p= is finite, and its size

is indeed given by the above formulas predicted by Birch and Swinnerton-Dyer (s
[11]). Note that in this special caset, = ut, = 0.

Remark 6.12

More generally, Perrin-Riou has proven algebraic formulas for the size qi-freat

of IIT(E/Qn) (assuming its finiteness) in terms x)‘;ﬁg andu;ﬁg by using the theory
of algebraicp-adic L-functions (see43d]). Her formulas agree with the ones above
assuming that:, = Ajﬁg andus, = Mig (i.e., assuming that the main conjecture is
true).

Remark 6.13
When p is ordinary,

"= Ran—r)+ p"L(p—-1) - "

Remark 6.14

Kurihara’s and Perrin-Riou’s results imply that the size of the Tate-Shafarevich grot
necessarily grows without bound in the cyclotomic direction. Comparing the formule
of Proposition6.10to the formula of Remark.13in the ordinary case, one sees that
the analytic explanation for this growth is the presence of the functiorﬁihughe
p-adic L-function.

6.5. The Structure dfil(E/Qn) px

In [11], when orch(L(E, 1)/2g) = 0, Kurihara not only determined formulas for
the size oflII(E/Qn) p, but he also determined its structure as a Galois module. It
structure is described in terms of the modular elements of Mazur and J. Tate.

Definition 6.15
Let
(M) = > [%] (14 T)o%@/100,(») ¢ [T}
ae(z/ptix
be the modular element of Mazur and Tate.

Remark 6.16

The 6, live more naturally in the group algeb€Gal(Q,/Q)], where they have no
dependence on a choicejpfHowever, we define th&, in this less canonical way to
make their relation td).?onjE more apparent in what follows.
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We haveA = Zp[[GalQo/Q)1] = Zp[[T]] with the isomorphism determined by
our choice ofy. The following theorem describes the structurdldfE/Qn)p> as a
A-module.

THEOREMG6.17 (Kurihara)

Let E be an elliptic curve oveQ, and let p be an odd prime such that
ordp(L(E, 1)/QE) = 0, p { Tam(E/Q), and such that the Galois representation
on E[p] is surjective. Then

IH(E/Qn)poo = A/(wn, On, €nbn-1),

wherewp = (1+ T)P" — 1andé, = ®n(1+ T).

We wish to interpret the above isomorphism in termié‘?i, and hence we make
the assumption that, = 0. Let

a)nJr = 1_[ Do(L+T) and wy = 1_[ Cok-1(1+T).
1<2k<n 1<2k—1<n

Note thatT wf w;, = wn.

PROPOSITIONG6.18
For E/Q an elliptic curve and p an odd prime with,a= 0, we have

oy - LY (modwn), 2|n,

Oh =
; ot - L%rH_ (modwp), 21n.

Proof
We argue fomn odd; the other case is similar. We have

_ An+DH/2~+ _ 4+ +
bh=p J Gpi1 = I-p,nJrl’

whereG,; andL} ., are defined as in Lemmad. So we need to verify that
L5 =L} .1 (mod Tewy). This amounts to checking thef' * andL ., agree
at zero and aty — 1 for oddk < n. The two functions agree at zero since their
constant terms are both the total measur&@ pf Now for an oddk < n, Gt (¢ —
1= Gn++1(§k — 1) since the Riemann sum perfectly approximates the integral. Alsc

log (¢k — 1) = p~"/20F (¢k — 1) from Lemmad. 7. Hence

G+(§k -1 _ (n+1)/2G:+1(§k -1
log} (¢k — 1) on (Ck— 1)

which completes the proof. O
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From this proposition we have
(@n, 60, nfn-1) = (@n, o - LG, o - LE),

which in the case of Kurihara is simply the idéak", ;) sinceL3* " andL3" " are
units. Hence
HI(E/Qn) p> = A/(U)n+s a);),

which is completely independent of the curve and depends only upon the faapthat
is zero! Kurihara explains this phenomenon quite well in his proof of Thedrém
by relating the Tate-Shafarevich group to the formal group of the elliptic curve whic
depends only upon the value af.

We now conclude by stating a conjecture of Kurihara on the general structure
SekE/Qn) p rewritten in terms oL.5"*(E, T) via Propositiors. 18

CONJECTUREG.19 (Kurihara)
Let E/Q be an elliptic curve with p an odd prime such thgg a 0 and p ¢t
Tam(E/Qn). Then ifAp = Zp[GallQn/Q)], we have

Fitta, (SeKE/Qn)p=) = (o - L3, 0 - L3,
where X' = Hom(X, Qp/Zp) andFitt,,(-) is the Fitting ideal as a\n,-module.

7. Some data
In practice, the\- and u-invariants ofL";},rli are quite easy to compute for twists of
curves with small conductor. We conclude with a table of the analytic invarishts
AE, and Ay for Xo(32) twisted by various quadratic characters wjth= 3 (see
Table 1). Specifically, we twist by characters with discriminant prime to 6 and ©
absolute value less than 200. These computations were done on W. Stein’s mod
cluster using the programming language MAGMA.

If the lwasawa invariants of a twist are all zero, they are not included in the tabl
If the only nonzero data of a twist 55, = 1, then this data is also not included in
the table.

In the column labeled “roots” the general entry: s) represents roots of slope
s. A small dot next to such an entry signifies that thesepogclotomic roots (i.e.,
of the form¢, — 1). A root at zero that is forced by the functional equation is not
included in the table.

Note that the conjectural arithmetic significance of these zeros (and their slope
is given by the work of Kobayashi irL.[].
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Table 1. Twists of 3A with p=3

D r H p ‘A:;W‘ roots H A ‘Ww‘ roots ‘
13 1| 2 | 1| (@23 0| 1]-
37 1| 0 | 3| @} 0| 1]-
41 2| 2 | 2| (@o) @2 || O | 2| (200)
(1:1)
53 1 0 | 3| @} 0| 1]-
61 1 1 | 1 |- 2 | 1| @3
65 2| 0 | 2| (20) 0 | 2| (200)
77 1] 0 | 1]- 2 | 1] @d
85 1| 0 | 1 |- 2 | 1] @
100 1| 2 | 1| @D 0| 1]-
133 1/, 0 | 1]- 2 | 1| @)
137 2| 0 | 2 | (2ic0) 2 | 2| (200) (2:3)
145 2| 0 | 2| (2w0) 0 | 2| 2oy
149 1| 2 | 1| (23) 12 | 1| (12:d)
161 2| 0 | 2| (200) 0 | 2| (20)
181 1| 0 | 1| (23 0| 1]-
197 1| 0 | 1| (23 2 | 1)@
-23 1| 1 | o0]- 2 | 1] @1
-43 0| 8 | 0| (2})(6:}) 2 | 0| @1
—47 1 2 | 1] @D 2 | 1]@d
-71 1| o | 1]- 2 | 1] @)
-103 1] 0 | 1 |- 6 | 1| (6:3)
—107 0| 2 | 0] (22) 6 | 0| (@3 @)
-127 1| 2 | 3| @Y @) | 4 | 1| @D
—131 0| 2 | 0| (21) 2 | 0] @1
—143 1] 0 | 1 |- 2 | 1] @)
-163 0| 2 | 0| (21) 2 | 0] @1
-167 1| 4 | 1| @&3d) 2 | 1] @)
—191 1| 2 | 1| (@2 0| 1]-
-199 1| 0 | 1 |- 6 | 1| (6:3)
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