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Abstract
In this paper we study the two p-adic L-functions attached to a modular form f=∑

anqn at a supersingular prime p. When ap = 0, we are able to decompose both
the sum and the difference of the two unbounded distributions attached to f into a
bounded measure and a distribution that accounts for all of the growth. Moreover,
this distribution depends only upon the weight of f (and the fact that ap vanishes).
From this description we explain how the p-adic L-function is controlled by two Iwa-
sawa functions and by two power series with growth which have a fixed infinite set
of zeros (Theorem5.1). Asymptotic formulas for the p-part of the analytic size of
the Tate-Shafarevich group of an elliptic curve in the cyclotomic direction are com-
puted using this result. These formulas compare favorably with results established
by M. Kurihara in [11] and B. Perrin-Riou in [23] on the algebraic side. Moreover,
we interpret Kurihara’s conjectures on the Galois structure of the Tate-Shafarevich
group in terms of these two Iwasawa functions.
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1. Introduction
In the early 1970s, B. Mazur and P. Swinnerton-Dyer constructed ap-adicL-function
attached to a modular elliptic curveE/Q for each primep of good, ordinary reduction
(see [18]). This L-function can be represented as a power series inZ p[[T]] ⊗ Qp

which p-adically interpolates the special values of the complexL-series ofE twisted
by various characters. Since this power series has bounded coefficients, by thep-adic
Weierstrass preparation theorem, it has finitely many zeros. The number of zeros of
the p-adicL-function and the slopes of these zeros are conjecturally related to certain
arithmetic invariants ofE via the main conjecture.

In [2] and [27] (see also [19]), the construction ofp-adic L-functions was gen-
eralized to higher weight modular forms, to supersingular primes, and to primes of
bad reduction. At an ordinary prime for the modular form, thep-adic L-function is
an element ofOK [[T]] ⊗ K with K some finite extension ofQp, and therefore the
L-function has finitely many zeros. At a supersingular prime, however, the situation is
quite different. TheL-function can have unbounded coefficients and infinitely many
zeros. For each supersingular primep, there are twop-adic L-functions correspond-
ing to the two nonunit roots ofx2

− apx + pk−1, whereap is the eigenvalue of the
Hecke operatorTp acting on our modular form. When the slopes of the two roots
are different, Mazur has shown that at least one of the twoL-functions has infinitely
many zeros (Theorem3.3). In the equal slope case, it is known that ifap vanishes,
then one of the twoL-functions has infinitely many zeros (Theorem3.5).

The infinitude of the zeros of theseL-functions makes their arithmetic nature
more mysterious, especially in the context of a main conjecture. This paper attempts to
shed some light on the caseap = 0. (Note that this includes the case of a supersingular
prime of an elliptic curve forp > 3.) We sketch here our methods and results in the
elliptic curve case, though in the main body of the paper we work with modular forms
of arbitrary weight havingap = 0.
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Let E/Q be an elliptic curve, and letp be a supersingular prime withap = 0. Let
α andα be the two roots ofx2

+ p. We then have twop-adicL-functionsL p(E, α, T)
andL p(E, α, T) ∈ Qp(α)[[T]]. Write

L p(E, α, T) = G+(T)+ G−(T) · α with G±(T) ∈ Qp[[T]].

As observed by Perrin-Riou in [21], the interpolation property defining theseL-
functions forcesG+(T) to vanish atζ2n − 1 andG−(T) to vanish atζ2n−1 − 1 for all
n ≥ 1, whereζm is a pmth root of unity (Theorem3.5). (There is a change in parity
for p = 2.) Hence the power seriesG+(T) andG−(T) have an infinite set of trivial
zeros. Note that these zeros are even independent ofE.

We then go on to constructp-adic power series log+p (T) and log−p (T) which van-
ish precisely at the forced zeros ofG+(T) andG−(T), respectively (Corollary4.2).
These power series are constructed as an infinite product of cyclotomic polynomials
and are named after thep-adic logarithm since their product is nearly logp(1 + T).
The next step is to examine the functions

L+
p (E, T) :=

G+(T)

log+
p (T)

and L−
p (E, T) :=

G−(T)

log−
p (T)

.

The relation of log±p (T) to L p(E, α, T) can be compared to the relation of the gamma
function to the Riemann zeta function. The gamma function forces the zeta function
to vanish at all of the negative even integers, and the interesting zeros of the zeta
function are discovered only after these zeros are removed from consideration. In our
setting, we divideG±(T) by log±

p (T) hoping to uncover its more interesting zeros.
The properties of these half-logarithms are studied in Section4.2.

By analyzing the rate of growth ofG±(T) and log±p (T), one sees thatL±
p (E, T)

is bounded and actually has integral coefficients. HenceL±
p (E, T) has only finitely

many zeros, andG±(T) vanishes at only finitely many places apart from its fixed set
of forced roots. The integrality ofL+

p (E, T) andL−
p (E, T) is the main result of the

paper and is proven in Theorem5.6.
We have

L p(E, α, T) = L+
p (E, T) · log+

p (T)+ L−
p (E, T) · log−

p (T) · α (1)

with L±
p (E, T) ∈ Z p[[T]]. The functionsL+

p (E, T) and L−
p (E, T) can be thought

of asp-adicL-functions themselves; they are Iwasawa functions, satisfy a functional
equation, and are completely determined by an interpolation property involving spe-
cial values ofL-series. Furthermore, from (1) we see thatL p(E, α, T) is completely
determined byL+

p (E, T) andL−
p (E, T) up to the purely local functions log+

p (T) and
log−

p (T).
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In [22], Perrin-Riou constructed an algebraicp-adic L-function (defined up to a
unit Iwasawa function) and formulated a main conjecture in the supersingular case.
The algebraicp-adicL-function is again a power series with growth, and in the same
manner as described above, one can extract from it two Iwasawa functions that en-
code all of the algebraic data up to the functions log+

p (T) and log−p (T) (Theorem
5.17). These two Iwasawa functions should equalL±

p (E, T) up to a unit via the main
conjecture. In this context, K. Kato’s result on the divisibility ofL p(E, α, T) by the
algebraicp-adicL-function translates immediately into a divisibility ofL±

p (E, T) by
these Iwasawa functions (Corollary5.18).

Now letQ∞ be the cyclotomicZ p-extension ofQ. The above results can be used
to study the analytic and algebraic invariants of an elliptic curveE along this exten-
sion. This is done in Section6. Let Qn be the unique subextension ofQ∞ of degree
pn. Using Theorem5.1, we compute asymptotic formulas for the analytic size of
X(E/Qn)p∞ (i.e., the size predicted by the Birch and Swinnerton-Dyer conjecture).
This is done in Proposition6.10. In the ordinary case, these formulas involve the Iwa-
sawa invariants of thep-adicL-function. In the supersingular case, these formulas are
based upon the Iwasawa invariants ofL+

p (E, T) andL−
p (E, T). This result should be

compared to [20] (a short and overlooked paper of A. Nasybullin from 1974), where
similar formulas are stated.

The case where ordp(L(E,1)/�E) = 0 has been studied deeply by Kurihara
in [11]. By using Kato’s Euler system for the Tate module ofE, he produces exact
formulas for the algebraic size ofX(E/Qn)p∞ along the cyclotomicZ p-extension of
Q. Under this hypothesis, the Iwasawa invariants ofL+

p (E, T) andL−
p (E, T) are all

zero, and the asymptotic analytic formulas derived in this paper compare favorably
with those of Kurihara. Assuming the finiteness ofX(E/Qn)p∞ , Perrin-Riou has
proven asymptotic formulas for its size in terms of the Iwasawa invariants attached
to the algebraicp-adic L-function. These formulas also compare well to the analytic
ones derived in this paper assuming that the algebraic and analytic Iwasawa invariants
agree (i.e., assuming the main conjecture in the supersingular case).

Since writing this paper, we have learned that S. Kobayashi in [10] has con-
structed two restricted Selmer groups sitting inside the full Selmer group ofE over
Q∞ which are torsion over the Iwasawa algebra. He formulates a main conjecture
(in the spirit of classical Iwasawa theory) that compares the characteristic power se-
ries of these modules toL+

p (E, T) and L−
p (E, T). Using Kato’s Euler system, he

proves a divisibility ofL±
p (E, T) by the corresponding characteristic power series.

This formulation of the main conjecture gives a concrete arithmetic interpretation of
L±

p (E, T).
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2. The p-adic L-function of a modular form
The p-adic L-function of a modular form is a function on continuousCp-valued
characters ofZ×

p × (Z/M)× (with M prime to p) defined by integration against a
fixed distribution (i.e., a measure that is possibly unbounded). This distribution is
constructed to encode the arithmetic properties of the modular form. In particular, by
integrating against characters of finite order, the special values of theL-series of the
modular form can be recovered.

In this section we first review the theory of integration against admissible mea-
sures (which are certain temperedp-adic distributions). Since these measures are un-
bounded, naive Riemann sums do not necessarily converge and a more technical ap-
proach is needed. We then construct admissible measures attached to a modular form
out of modular symbols and define thep-adic L-function of a modular form by inte-
gration against this measure. Finally, we describe thep-adic L-function as ap-adic
power series determined by an interpolation property and a bound on its growth (for
more details, see [2], [19], [27]).

2.1. Integration against admissible measures
Let Z×

p,M = Z×
p × (Z/M)× for some integerM prime top, and letxp : Z×

p,M → Z×
p

be the natural projection. Denote byCh(Z×

p,M ) the space ofCp-valued functions on

Z×

p,M which are locally polynomials inxp of degree less than or equal toh. Hereh is
any nonnegative real number.

Definition 2.1
An h-admissible measureµ onZ×

p,M is a linear map fromCh(Z×

p,M ) to Cp such that

sup
a∈Z×

p,M

∣∣µ(
(xp − ap)

i
· χa+pnZ p,M

)∣∣
is O(pn(h−i )) for 0 ≤ i ≤ h. HereχU is the characteristic function ofU .

Remark 2.2
Definition 2.1 differs from [27, Definition 1.3], where the stronger bound of
o(pn(h−i )) is required.

Remark 2.3
If h = 0, then Definition2.1describes a (bounded) measure.

THEOREM 2.4
An h-admissible measureµ extends to a linear map on the space of all locally analytic
functions onZ×

p,M .



528 ROBERT POLLACK

Proof
This is proven by approximating a locally analytic function by the first[h] + 1 terms
of its Taylor series expansion and forming a generalized Riemann sum out of the data
of µ. For a detailed proof, see [27, Lemma 1.6].

For f locally analytic, denoteµ( f ) by
∫

Z×

p,M
f dµ. From Theorem2.4, we can inte-

grate characters ofZ×

p,M againstµ since they are locally analytic functions. Define a
map

L(µ, ·) : Homcont(Z
×

p,M ,C
×
p ) → Cp

by the formula

L(µ, χ) :=

∫
Z×

p,M

χ dµ.

The space Homcont(Z
×

p,M ,C
×
p ) has a natural analytic structure under which the above

map is analytic. We now describe this structure.
Setq = p for odd primesp, and setq = 4 for p = 2. Fix a topological generator

γ of 1+ qZ p. Call characters onZ×

p,M
∼= (Z/Mq)× × (1+ qZ p) tameif they factor

through(Z/Mq)× andwild if they factor through 1+ qZ p. Each character ofZ×

p,M
can be uniquely written as the product of a tame character and a wild character. For
u ∈ Cp with |u−1|p < 1, define a particular wild characterχu ∈ Homcont(Z

×

p,M ,C
×
p )

by
χu : Z×

p,M � Z×
p � 1 + qZ p → C×

p ,

where the first and second maps are the natural projections and the third map simply
sends our chosen generatorγ ontou. Note that the set{χu : |u − 1|p < 1} accounts
for all wild characters since 1+ qZ p is topologically cyclic and the continuity of the
characters requires that|χ(γ )− 1|p < 1.

Let ψ be a tame character onZ×

p,M . The mappingu 7→ ψχu identifies the

open unit disc ofCp with the set of characters onZ×

p,M with tame part equal

to ψ . Since there are only finitely many tame characters onZ×

p,M , we have that

Homcont(Z
×

p,M ,C
×
p ) is the union of finitely many open unit discs ofCp.

We now state the analytic properties ofL(µ, χ) with respect toχ .

Definition 2.5
For F andG locally analytic functions on the open unit disc ofCp, we say thatF is
O(G) if

sup
|z|<r

|F(z)|p is O
(

sup
|z|<r

|G(z)|p
)

asr → 1−.
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THEOREM 2.6 (see Vǐsik [27], Amice and V́elu [2])
For µ an h-admissible measure onZ×

p,M andψ a fixed tame character ofZ×

p,M , the

function L(µ,ψχu) is analytic in u and isO(logp(1 + T)h).

Proof
This is essentially proven in [27, Theorem 2.3]. Thereh is required to be integral, and
the estimate of o(logp(1 + T)[h]+1) is obtained. However, applying the arguments of
[27] with this paper’s notion ofh-admissible yields the O(logp(1 + T)h) bound (see
also [5, Proposition I.4.5]).

2.2. Admissible measures attached to modular forms
Let f be a modular form of weightk, level N, and characterε which is an eigen-
form for each Hecke operatorTn with eigenvaluean. Let K ( f ) be the number field
generated by thean and the values ofε; denote byO( f ) its ring of integers.

Define the periods off by

φ( f, P, r ) := 2π i
∫ r

i ∞
f (z)P(z)dz

for r ∈ Q andP ∈ Z[T] of degree less than or equal tok−2. LetL f be theZ-module
generated byφ( f, P, r ) for all r ∈ Q. ThenL f is finitely generated overZ. In fact,
L f · K ( f ) has dimension at most 2 overK ( f ) (see Theorem2.7). Let

η( f, P; a,m) := φ
(

f, P(mz− a),
a

m

)
,

and fix the positive and negative parts ofη by

η+( f, P; a,m) :=
η( f, P; a,m)+ η( f, P; −a,m)

2
,

η−( f, P; a,m) :=
η( f, P; a,m)− η( f, P; −a,m)

2
.

The following theorem expresses the algebraic properties ofη±.

THEOREM 2.7
There exist two nonzero complex numbers�+

f and�−

f such that

η±( f, P; a,m)

�±

f

∈ O( f )

for all a,m ∈ Z and P∈ Z[T] with degree less than or equal to k− 2.

Proof
See [8, Theorem 3.5.4].
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Define the modular symbols off by

λ±( f, P; a,m) :=
η±( f, P; a,m)

�±

f

∈ O( f ).

We build admissible measures out of the data of these modular symbols. First we set
some notation. Fix a prime numberp and an embedding ofQ ↪→ Qp. Let ordp(·)

be the associated valuation atp normalized so that ordp(p) = 1. Letv be the prime
of K ( f ) over p determined by ordp(·), and letK := K ( f )v. Call a rootα of x2

−

apx + ε(p)pk−1
= 0 allowableif ordp(α) < k − 1.

For a fixed allowableα, we define two admissible measures onZ×

p,M by the
formulas

µ±

f,α(P,a + pnMZ p,M ) =
1

αn
λ±( f, P; a, pnM)−

ε(p)pk−2

αn+1
λ±( f, P; a, pn−1M),

wherea is prime toMp.
In the ordinary case, ordp(ap) = 0 and there is a unique allowableα. This

α is also a unit, and the above distribution is bounded. In the supersingular case,
ordp(ap) > 0 and there are two allowable choices forα. Note thatµ±

f,α grows at a
faster rate for larger values of ordp(α) since powers ofα appear in denominators in
the definition ofµ±

f,α.

PROPOSITION2.8
If h = ordp(α) < k − 1, thenµ±

f,α is an h-admissible measure.

Proof
The additivity property ofµ±

f,α follows from the fact thatf is an eigenform forTp

(see [19, Section 10]). The bound on the growth ofµ±

f,α follows from [27, Lemma
3.8].

2.3. The p-adic L-function
We can now define thep-adic L-function of a modular form (with respect to some
allowable rootα).

Definition 2.9
With f andα defined as in Section2.2, the p-adicL-function of f andα is

L p( f, α, χ) := L
(
µ

sgn(χ)
f,α , χ

)
.

From Theorem2.6, we know thatL p( f, α, χ) is analytic inχ , and hence we can form
its power series expansion about a tame characterψ . If we denote this power series
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by L p( f, α, ψ, T), then forT = u − 1 we have

L p( f, α, ψ, u − 1) = L p( f, α, ψχu) =

∫
Z×

p,M

ψχu dµsgn(ψ)
f,α .

Note that the expression of theL-function as a power series depends upon a choice
of γ generating 1+ qZ p. However, the dependence is not serious, andγ is always
suppressed from the notation. Ifψ is the trivial character, then we writeL p( f, α, T)
for L p( f, α, ψ, T).

The power seriesL p( f, α, ψ, T) converges on the open unit disc. Furthermore,
if the tame part ofχ isψ , then

∫
Z×

p
χ dµ±

f,α ∈ K (α, ψ). From this it follows that

L p( f, α, ψ, T) ∈ K (α, ψ)[[T]].

Remark 2.10
The p-adic L-function of f also depends upon a choice of�±

f , which are defined
only up to an element ofO( f ). In the case of elliptic curves, we specify a particular
choice of periods and pin down theL-function up to sign.

We now make explicit the values ofL p( f, α, ·) at characters of the formx j
p · ϕ for

0 ≤ j ≤ k − 2, wherexp is the natural projection fromZ×

p,M to Z×
p andϕ is a

character of finite order. This is equivalent to computing the values

L p( f, α, ψ, γ j
· ζn − 1) for 0 ≤ j ≤ k − 2,

whereζn is a pnth root of unity andψ is a tame character. In this way,L p( f, α, ψ, T)
can be thought of as a solution to an interpolation problem. In the ordinary case this
completely determinesL p( f, α, ψ, T). In the supersingular case this also completely
determines theL-function with the added condition that it be O(logp(1+T)h), where
h = ordp(α). (Any two functions satisfying the interpolation property differ by a
function that vanishes so often that it must grow at least as fast as logp(1 + T)h.)

Let χ = x j
p · ϕ, whereϕ is some finite order character of conductorm = pνM

with M prime to p, and letτ(ϕ) be a Gauss sum. Define thep-adic multiplier by

ep(α, χ) =
1

αν

(
1 −

ϕ−1(p)ε(p)pk−2− j

α

)(
1 −

ϕ(p)p j

α

)
.

PROPOSITION2.11
For χ as above,

L p( f, α, χ) = ep(α, χ) ·
m j +1

(−2π i ) j
·

j !

τ(ϕ−1)
·

L( fϕ−1, j + 1)

�±

f

,



532 ROBERT POLLACK

where L( fϕ, s) is the complex L-series attached to f twisted byϕ. Furthermore,
L p( f, α, χ) is uniquely characterized by this interpolation property and the fact that
it is O(logp(1 + T)h).

Proof
See [19, Section 14].

Remark 2.12
Note that the above formula depends only uponα in the first factor. Ifν > 0, the
above formula simplifies greatly sinceep(α, χ) = 1/αν .

3. Results on the infinitude of zeros of supersingularL-functions
Assume for the moment that we are in the ordinary case, so that ordp(ap) = 0.
Then there is a unique allowable rootα to x2

− apx + ε(p)pk−1
= 0 which is

necessarily a unit. In fact,α ∈ O×

K , and henceµ±

f,α takes its values inOK . Therefore
L p( f, α, ψ, T) has integral coefficients, and by thep-adic Weierstrass preparation
theorem, we can write

L p( f, α, ψ, T) = pµ · P(T) · U (T)

with P(T) a distinguished polynomial andU (T) a unit power series. In particular, this
L-function has only finitely many zeros, all encoded in the polynomialP(T). This is
remarkably different from the supersingular case, where we see in many instances
that the coefficients ofL p( f, α, ψ, T) are unbounded and that this power series has
infinitely many zeros.

Assume now that ordp(ap) > 0 and that(p, N) = 1. Then there are two allow-
able roots tox2

−apx+ε(p)pk−1
= 0. Call these rootsα1 andα2; for each we have an

associatedp-adicL-function. The relationship between these twoL-functions allows
us in many cases to prove that one (or both) have infinitely many zeros.

Let h1 = ordp(α1) andh2 = ordp(α2) be ordered so thath1 ≤ h2. Thenh1

ranges from zero to(k − 1)/2. Whenh1 = 0, we are in the ordinary case, and when
h1 = (k − 1)/2, thenh2 = h1 and we are in the most supersingular case. The first
result of this section discusses the case when 0< h1 6= h2, and the second result
discusses the case whenap = 0, which is a special subcase of the most supersingular
case.

Definition 3.1
For K a finite extension ofQp, set

A (K ) :=
{

f ∈ K [[T]]
∣∣ f is convergent on the open unit disc ofCp

}
.
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The following lemma says that if such ap-adic power series has finitely many zeros,
then its coefficients are bounded. We would like to thank Adrian Iovita for showing
us the following argument.

LEMMA 3.2
Let K be a finite extension ofQp. Then f(T) ∈ A (K ) has finitely many zeros if and
only if f (T) ∈ OK [[T]] ⊗ K.

Proof
By the Weierstrass preparation theorem, any element ofOK [[T]]⊗K has only finitely
many zeros. Conversely, takef (T) ∈ A (K ) with only finitely many zeros. Then all
of its zeros must be algebraic overK . Let P(T) be a polynomial inK [T] with the
same roots (counting multiplicity) asf (T). Then from [12, Lemma 1], there is some
g(T) ∈ A (K ) such thatf (T) = P(T) · g(T). Sinceg(z) is nonzero for allz in the
open unit disc,g(T) is a unit inA (K ) (see [12, Proposition 4.1]). Finally, by [12,
(4.8)], the units ofA (K ) areK ×

· (1 + TOK [[T]]), which completes the proof.

THEOREM 3.3 (Mazur)
Suppose that h1 > 0 and h1 6= h2. Then for a fixed tame characterψ on Z×

p,M , at
least one of Lp( f, α1, ψ, ·) and Lp( f, α2, ψ, ·) has infinitely many zeros in the open
unit disc.

Proof
From Remark2.12, we have

L p( f, α1, ψ, ζn − 1) =
cn

α1
n+1

,

L p( f, α2, ψ, ζn − 1) =
cn

α2
n+1

for some constantcn independent ofαi . (Here we are implicitly assuming thatp 6= 2.
For p = 2, the exponent on theαi would ben + 2, making little difference in the
argument below.)

Suppose that bothL p( f, α1, ψ, T) andL p( f, α2, ψ, T) have finitely many zeros.
Then Lemma3.2 says that they both have bounded coefficients. By the Weierstrass
preparation theorem, we can write

L p( f, α1, ψ, T) = pr1 P1(T)U1(T)

and

L p( f, α2, ψ, T) = pr2 P2(T)U2(T),
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where thePi are distinguished polynomials of degreedi and theUi are unit power
series. Then for largen, L p( f, αi , ψ, ζn − 1) has valuationr i + di · ordp(ζn − 1). We
also know that

αn+1
1 · L p( f, α1, ψ, ζn − 1) = αn+1

2 · L p( f, α2, ψ, ζn − 1).

Taking valuations yields

h1 · (n + 1)+ r1 + d1 · ordp(ζn − 1) = h2 · (n + 1)+ r2 + d2 · ordp(ζn − 1)

for largen. Since ordp(ζn − 1) tends to zero for largen andh1 6= h2, we have a
contradiction. Hence one of the two power series has infinitely many zeros.

Remark 3.4
Note that this proof does not indicate which of the twoL-functions vanishes infinitely
often. It is conjectured that both of theseL-functions have infinitely many zeros.

We now considerf with ap = 0, which puts us in a special case of the most supersin-
gular case. Again we prove that one of the twoL-functions has infinitely many zeros,
and in some cases we see that both have infinitely many.

THEOREM 3.5 (Perrin-Riou)
Suppose that ap = 0 (and hence that h1 = h2). Then for a tame characterψ onZ×

p,M ,
one of Lp( f, α1, ψ, ·) and Lp( f, α2, ψ, ·) has infinitely many zeros in the open unit
disc. Ifα1 /∈ K (ψ), then both L-functions have infinitely many zeros.

Proof
Let

G+

ψ (T) =
L p( f, α1, ψ, T)+ L p( f, α2, ψ, T)

2
∈ K (ψ)[[T]]

and

G−

ψ (T) =
L p( f, α1, ψ, T)− L p( f, α2, ψ, T)

2α1
∈ K (ψ)[[T]].

Then
L p( f, α1, ψ, T) = G+

ψ (T)+ G−

ψ (T) · α1.

As before, we have

L p( f, α1, ψ, ζn − 1) =
cn

α1
n+1

and L p( f, α2, ψ, ζn − 1) =
cn

α2
n+1
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for some constantcn independent of theαi . (If p = 2, the exponents on theαi should
ben + 2.) Sinceap = 0, we haveα1 = −α2. Hence

L p( f, α1, ψ, ζn − 1) = L p( f, α2, ψ, ζn − 1)

for n odd and
L p( f, α1, ψ, ζn − 1) = −L p( f, α2, ψ, ζn − 1)

for n even. This forcesG+

ψ (ζ2n − 1) = 0 andG−

ψ (ζ2n−1 − 1) = 0 for all n > 0. (If
p = 2, then the parities are reversed.)

Assume now that bothL p( f, α1, ψ, T) andL p( f, α2, ψ, T) have finitely many
zeros. Then Lemma3.2 guarantees that both have bounded coefficients. Hence both
G+

ψ andG−

ψ also have bounded coefficients. ButG+

ψ andG−

ψ have infinitely many
zeros, which is a contradiction.

Therefore one ofL p( f, α1, ψ, T) andL p( f, α2, ψ, T) has infinitely many zeros.
If α1 /∈ K (ψ), the two power series are conjugate and hence both have infinitely many
zeros.

COROLLARY 3.6
Suppose that p is a supersingular prime for an elliptic curve E overQ. Then at least
one of Lp(E, α1, ψ, T) and Lp(E, α2, ψ, T) has infinitely many zeros in the open
unit disc. Ifα1 /∈ Qp(ψ), then both functions have infinitely many zeros.

Proof
For p > 3, we haveap = 0 sincep | ap andap < 2

√
p. Therefore Theorem3.5

applies. In the casep = 2 or 3 andap 6= 0, thenap = ±2 or ±3. In these four
cases,α1/α2 is not−1 but rather is a fourth or sixth root of unity. This still forcesG+

ψ

andG−

ψ to have infinitely many zeros, which is enough to make the above argument
work.

4. The half-logarithms log+
p and log−

p

In the proof of Theorem3.5, it was shown that for a modular formf with ap = 0 we
can write

L p( f, α, ψ, T) = G+

ψ (T)+ G−

ψ (T) · α,

whereG+

ψ vanishes atζ2n − 1 andG−

ψ vanishes atζ2n−1 − 1 for all n > 0. The

interpolation data also forcesG+

ψ (γ
j
· ζ2n − 1) = G−

ψ (γ
j
· ζ2n−1 − 1) = 0 for

0 ≤ j ≤ k − 2. We will see thatG+

ψ andG−

ψ have only finitely more zeros than this
fixed set of forced roots.

In fact, there exist two power series log+
p and log−p in A (Qp), depending only on

k andγ , such that log+p and log−p have simple zeros atγ j
· ζ2n − 1 andγ j

· ζ2n−1 − 1,
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respectively, forj between zero andk − 2, n > 0 and such that

G+

ψ

log+
p

and
G−

ψ

log−
p

have bounded coefficients. (Recall that ifp = 2, then there is a parity switch and the
roles of log+p and log−p should be interchanged.) The notation log±

p is chosen to reflect
the fact thatp2

· T · log+
p · log−

p equals thep-adic logarithm whenk = 2.
In this section we construct log+

p and log−p as an infinite product of cyclotomic
polynomials. We also study the rate of growth of log±

p , prove a trivial functional
equation for these power series, and state an interpolation property that they satisfy.

4.1. Construction oflog±
p

We first construct two functions log+

p, j and log−p, j in A (Qp) which vanish atγ j
·

ζ2n − 1 andγ j
· ζ2n−1 − 1, respectively, for afixedinteger j and alln > 0. We then

take the product of these functions overj between zero andk − 2 to form our main
functions log+p and log−p .

Let8n(T) =
∑p−1

t=0 T pn−1
·t be thepnth cyclotomic polynomial.

LEMMA 4.1
For any integer j , the products

log+

p, j (T) :=
1

p
·

∞∏
n=1

(82n(γ
− j (1 + T))

p

)
,

log−

p, j (T) :=
1

p
·

∞∏
n=1

(82n−1(γ
− j (1 + T))

p

)
converge and define power series inQp[[T]] which are convergent on the open unit
disc. The zeros oflog+

p, j (resp.,log−

p, j ) are preciselyγ j
·ζ2n −1 (resp.,γ j

·ζ2n−1−1)
for n > 0, and these are all simple zeros.

Proof
We prove the convergence for the first product; the proof for the second is similar. To
see that the product converges, it suffices to see that

82n
(
γ− j (1 + T)

)
p

→ 1 asn → ∞.

Let fn(T) = (1/p)82n(γ
− j (1 + T)) − 1; we must show thatfn → 0 asn → ∞.
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We have fork < 2n,

fn(γ
j
· ζk − 1) =

82n(ζk)

p
− 1 =

1

p

( p−1∑
t=0

ζ
pn−1t

k

)
− 1 =

1

p
(p)− 1 = 0.

So ifωn, j = (γ− j
· (1 + T))p2n−1

− 1, thenωn, j | fn. Since it is clear thatωn, j → 0
asn → ∞, we get our desired convergence.

As for the zeros of these power series, by construction, log+

p, j (resp., log−p, j )

vanishes atγ j
· ζ2n − 1 (resp.,γ j

· ζ2n−1 − 1). To see that these are the only zeros,
note that

logp

(
γ− j (1 + T)

)
= lim

n→∞

(γ− j (1 + T))pn
− 1

pn

=
(
γ− j

· (1 + T)− 1
)
· lim

n→∞

n∏
k=1

8k(γ
− j

· (1 + T))

p
,

and hence

p2
· log+

p, j (T) · log−

p, j (T) =
logp(γ

− j (1 + T))

γ− j · (1 + T)− 1
.

Since logp(γ
− j (1+ T)) has simple zeros atγ j

· ζn − 1 for n ≥ 0 and no other zeros,
the zeros of log−p, j and log+p, j are exactly as specified in the lemma and all of these
zeros are simple.

COROLLARY 4.2
The power series

log+
p (T) :=

k−2∏
j =0

log+

p, j (T),

log−
p (T) :=

k−2∏
j =0

log−

p, j (T)

in Qp[[T]] (depending only on k and our chosen generatorγ ) are convergent on the
open unit disc, and the only zeros oflog+

p (resp.,log−
p ) are simple zeros atγ j

·ζ2n −1
(resp.,γ j

· ζ2n−1 − 1) for 0 ≤ j ≤ k − 2 and for n> 0.

Proof
This all follows from Lemma4.1.
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COROLLARY 4.3
We have

log+
p (T) · log−

p (T) =

k−2∏
j =0

logp(γ
− j

· (1 + T))

p2 · (γ− j · (1 + T)− 1)
.

Proof
This formula follows from the proof of Lemma4.1.

4.2. The rate of growth oflog±
p

Definition 4.4
For F and G locally analytic functions on the open unit disk ofCp, we say that
F ∼ G if F is O(G) andG is O(F).

LEMMA 4.5
We havelog+

p (T) ∼ log−
p (T) ∼ logp(1 + T)(k−1)/2.

Proof
By Corollary4.3, it suffices to show that log+p ∼ log−

p . We have

sup
|z|p<r

∣∣8n
(
γ− j

· (1 + z)
)∣∣

p =
r

pn−1(p − 1)
.

Comparing our infinite products term by term, we see that log+
p is O(log−

p ) and log−p
is O(T · log+

p ). But T is bounded, and hence log+
p ∼ log−

p .

4.3. Functional equations forlog±
p

The natural change of variables in theT-variable for a functional equation isT 7→

1/(1 + T) − 1. The next lemma shows that log+
p and log−p are invariant under this

change of variable whenk = 2.

LEMMA 4.6
For k = 2 we have

log+
p

( 1

1 + T
− 1

)
= log+

p (T),

log−
p

( 1

1 + T
− 1

)
= log−

p (T).

Proof
We prove the functional equation for log+

p ; the argument for log−p is the same. By
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definition,

log+
p

( 1

1 + T
− 1

)
=

1

p

∞∏
k=1

82k(1/(1 + T))

p

=
1

p

∞∏
k=1

82k(1 + T) · (1 + T)p2k−1(p−1)

p

(since the roots of82k are invariant underz 7→ z−1)

=
1

p

∞∏
k=1

82k(1 + T)

p
= log+

p (T)

since
∏

∞

k=1(1 + T)p2k−1(p−1)
= 1.

4.4. Interpolation property oflog±
p

In the case wherek = 2, both log+p (T) and log−p (T) are o(logp(1 + T)), and hence
they are uniquely determined by their values atζn − 1 for all n. The following lemma
describes these values.

LEMMA 4.7
For k = 2,

log+
p (ζn − 1) =


0, 2 | n,

p−(n+1)/2
·

(n−1)/2∏
j =1

82 j (ζn), 2 - n,

log−
p (ζn − 1) =


p−n/2−1

·

n/2∏
j =1

82 j −1(ζn), 2 | n,

0, 2 - n.

Proof
For m> n,

8m(ζn) = 1 + (ζn)
pm−1

+ · · · + (ζn)
pm−1(p−1)

= p.

Hence the terms in the tail-end of the products describing log±
p (ζn − 1) are all 1, and

the beginning part of the product is what appears in the above formulas.

The following lemma computes the valuations of these special values and is useful in
Section6.3.
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LEMMA 4.8
For k = 2,

ordp
(

log+
p (ζn − 1)

)
=

pn−1
− pn−2

+ · · · + p2
− p

pn−1(p − 1)
−

n + 1

2
for n odd,

ordp
(

log−
p (ζn − 1)

)
=

pn−1
− pn−2

+ · · · + p − 1

pn−1(p − 1)
−

n + 2

2
for n even.

Proof
For m< n,

8m(ζn) =
(ζn)

pm
− 1

(ζn)pm−1
− 1

=
ζn−m − 1

ζn−m+1 − 1
.

Hence

ordp
(
8m(ζn)

)
=

pm
− pm−1

pn−1(p − 1)

and the lemma follows.

5. Description of p-adic L-functions in terms of log+
p and log−

p

5.1. Main result
Recall that f is a modular form of weightk, level N, and characterε which is an
eigenform for allTn. We have thatK ( f ) is the number field generated by the eigen-
values of f and the value ofε. Let p be a prime number, and letK be the completion
of K ( f ) at our chosen prime overp. Letψ be a Dirichlet character of conductorM .
Here bothM andN are assumed to be prime top. Let Kψ be the field generated by
the values ofψ overK , and letOψ be its ring of integers. Finally, let3ψ = Oψ [[T]]

be the Iwasawa algebra.

THEOREM 5.1
If p is odd and ap = 0, then

L p( f, α, ψ, T) = L+
p ( f, ψ, T) · log+

p (T)+ L−
p ( f, ψ, T) · log−

p (T) · α,

where L±p ( f, ψ, T) ∈ 3ψ ⊗ Kψ . If p = 2 and a2 = 0, then

L2( f, α, ψ, T) = L+

2 ( f, ψ, T) · log−

2 (T)+ L−

2 ( f, ψ, T) · log+

2 (T) · α,

where L±2 ( f, ψ, T) ∈ 3ψ ⊗ Kψ .

Proof
We argue in the case wherep is odd. Write

L p( f, α, ψ, T) = G+

ψ (T)+ G−

ψ (T) · α,
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as in the proof of Theorem3.5. The interpolation property from Proposition2.11
forces

G+

ψ (γ
j
· ζ2n − 1) = 0 and G−

ψ (γ
j
· ζ2n−1 − 1) = 0

for 0 ≤ j ≤ k − 2 and alln > 0. Since all the zeros of log+p (resp., log−p ) are also
zeros ofG+

ψ (resp.,G−

ψ ), [12, (4.8)] tells us that

log+
p | G+

ψ and log−p | G−

ψ

in Kψ [[T]] (even inA (Kψ )). Let

L+
p ( f, ψ, T) =

G+

ψ

log+
p

and L−
p ( f, ψ, T) =

G−

ψ

log−
p
.

By Theorem2.6, G+

ψ (T) and G−

ψ (T) are O(logp(1 + T)(k−1)/2), and by Lemma

4.5, log+
p (T) ∼ log−

p (T) ∼ logp(1 + T)(k−1)/2. Hence bothL+
p ( f, ψ, T) and

L−
p ( f, ψ, T) are O(1) (i.e., bounded). From the following lemma, we can con-

clude thatL+
p ( f, ψ, T) and L−

p ( f, ψ, T) have bounded coefficients and thus lie in
3ψ ⊗ Kψ .

LEMMA 5.2
If G ∈ A (K ) is a bounded analytic function, then G has bounded coefficients.

Proof
Let G(T) =

∑
i ai T i , and letN = sup|z|p<1 G(z). Then this maximum value is given

by N = supi,z |ai zi
|p, and taking|z|p close to 1, we conclude that|ai |p ≤ N.

5.2. The case of elliptic curves
5.2.1. Definition of p-adic L-functions
Let E be an elliptic curve overQ. SinceE is modular (see [29], [4]), we define the
p-adic L-function of E to be thep-adic L-function of the corresponding modular
form. More precisely, letπ : X0(N) → E be a modular parametrization, so that
π∗(ωE) = c · fE · dq/q with c the Manin constant forπ and fE a normalized
newform of weight 2 and levelN. Here,ωE is the Ńeron differential ofE.

To define thep-adic L-function of fE, we need to make a choice of periods (as
in Theorem2.7). We now pin down these two periods up to sign. Letδ± generate
H1(E,Z)±. Define

�±

E :=

{∫
δ±
ωE if E(R) is connected,

2 ·
∫
δ±
ωE otherwise,
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which is uniquely determined up to sign. We then define thep-adic L-function of E
by L p(E, α, ·) = L p( fE, α, ·), where thep-adic L-function of fE is defined using
�±

E.

Remark 5.3
In Section2.2, modular symbols were notated byλ±( f, P; a,m), whereP is an inte-
gral polynomial of degree less than or equal tok − 2. Sincek = 2 for elliptic curves,
the P term becomes irrelevant. Furthermore, whenP is trivial, λ±( f, P; a,m) de-
pends only on the rational numbera/m. In the case of elliptic curves, we adopt the
(standard) notation [ a

m

]±

:= λ±( fE,1; a,m).

Remark 5.4
The periods�±

E do not necessarily satisfy the requirements of Theorem2.7. For ex-
ample, takeE = X0(11) and p = 5. Then

[0]
+

=

( ∫ 0
i ∞ fE

)
�+

E

=
1

5
.

However, for a fixed curveE, the denominators of the modular symbols are bounded.
In fact, at a prime of good reduction withap 6≡ 1 (mod p), then 2[a/pn

]
±

∈ c−1Z,
wherec is the Manin constant forE (see [14, Theorem 3.3]).

Remark 5.5
For p a prime of good supersingular reduction, the Manin constantc is prime to p.
This fact follows from the fact thatE[p] is irreducible and from [17, Corollary 4.1]
when p is odd and [1] when p = 2. In particular, 2[a/pn

]
±

∈ Z p for suchp.

5.2.2. Main result for elliptic curves
When ap ≡ 0 (mod p), we are in the supersingular case, and then certainly
L p(E, α, T) /∈ Z p[[T]]. In fact, by Theorem3.5, L p(E, α, T) /∈ Z p[[T]] ⊗ Qp. We
know from Theorem5.1 that L+

p (E, T) andL−
p (E, T) have bounded coefficients. In

the case of elliptic curves, we can strengthen this to say that they are actually integral
power series.

THEOREM 5.6
Let E/Q be an elliptic curve with ap = 0. If p is odd, we have

L p(E, α, T) = L+
p (E, T) · log+

p (T)+ L−
p (E, T) · log−

p (T) · α
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with L+
p (E, T), L−

p (E, T) ∈ Z p[[T]], and if p= 2, we have

L2(E, α, T) = L+

2 (E, T) · log−

2 (T)+ L−

2 (E, T) ·
1

2
log+

2 (T) · α

with L+

2 (E, T), L−

2 (E, T) ∈ Z2[[T]].

Remark 5.7
The extra factor of 1/2 appearing whenp = 2 is necessary to ensure thatL−

2 (E, T)
lies inZ2[[T]].

Remark 5.8
To ease notation, at times we refer toL±

p (E, T) asL±
p .

Since the weight offE is 2, L p(E, α, T) is defined by a limit of standard Riemann
sums that lend themselves to explicit computation. Approximating by Riemann sums,
we haveL p(E, α, T) = limn→∞ Ln, where

Ln =

∑
a∈(Z/pn)×

µ±

f,α(a + pnZ p) · (1 + T)logp(a)/logp(γ ). (2)

If Ln = G+
n + G−

n · α, thenG+
n → G+ andG−

n → G−. The following lemma gives
precise formulas forG+

n andG−
n . The proof of Theorem5.6then follows from simply

counting the number ofp’s in the denominator ofL±
p (E, T) and seeing that there are

none.

LEMMA 5.9
For p odd,

G+
n =


(−p)−(n/2)

∑
a∈(Z/pn)×

[ a

pn

]+

(1 + T)logp(a)/logp(γ ), 2 | n,

(−p)−((n+1)/2)
∑

a∈(Z/pn)×

[ a

pn−1

]+

(1 + T)logp(a)/logp(γ ), 2 - n

and

G−
n =


(−p)−(n/2+1)

∑
a∈(Z/pn)×

[ a

pn−1

]+

(1 + T)logp(a)/logp(γ ), 2 | n,

(−p)−((n+1)/2)
∑

a∈(Z/pn)×

[ a

pn

]+

(1 + T)logp(a)/logp(γ ), 2 - n.

Proof
Writing the expression forLn in (2) in terms of 1 andα yields the above formulas for
G+

n andG−
n (see also [3, page 230]).
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Proof of Theorem5.6
We prove this forp odd and forL+

p ; the other cases follow similarly. Note that
for 1 ≤ k ≤ n − 1, Ln(ζk − 1) = L p(E, α, ζk − 1) since the Riemann sum per-
fectly approximates the integral. We know thatG+(ζ2k − 1) = 0, and hence we have
G+

n (ζ2k − 1) = 0 for 1 ≤ k ≤ [(n − 1)/2].
Therefore we can write

G+
n =

( 1

p

[(n−1)/2]∏
k=1

82k(1 + T)

p

)
· L+

p,n with L+
p,n ∈ Qp[T].

But from Lemma5.9 and Remark5.5, we see thatp[(n+1)/2]
· G+

n ∈ Z p[T]. Since
each82k(1+ T) dividesp[(n+1)/2]

· G+
n in Z p[T], we conclude thatL+

p,n has integral
coefficients.

Taking limits yields

G+
= log+

p ·L+
p with L+

p ∈ Z p[[T]].

The case is similar forL−
p and for p = 2. (Note that forp = 2, one must exploit a

symmetry in the Riemann sum definingL p(E, α, T) to remove the extra factor of 2
appearing in Remark5.5.)

The following theorem of Rohrlich guarantees that thep-adicL-function andL±
p are

not identically zero.

THEOREM 5.10
Let E/Q be an elliptic curve, and let p be a prime number. Then there are only a finite
number of charactersχ of p-power order and conductor such that L(E, χ,1) = 0.

Proof
See [24].

COROLLARY 5.11
We have that Lp(E, α, T), L+

p (E, T), and L−
p (E, T) are all nonzero functions.

Proof
Theorem5.10 implies thatL p(E, α, T) is a nonzero function since, by Proposition
2.11, it interpolates the values ofL(E, χ,1). Also, we have

L p(E, α, ζ2n−1 − 1) = L+
p (E, ζ2n−1 − 1) · log+

p (ζ2n−1 − 1),

L p(E, α, ζ2n − 1) = L−
p (E, ζ2n − 1) · log−

p (ζ2n − 1) · α.



THE p-ADIC L -FUNCTION AT A SUPERSINGULAR PRIME 545

Since log+p (ζ2n−1 − 1) and log−p (ζ2n − 1) are both nonzero, it follows thatL+
p (E, T)

andL−
p (E, T) are also nonzero functions.

COROLLARY 5.12
Let E/Q be an elliptic curve, and let p be a prime with ap = 0. Then Lp(E, α, T)
and Lp(E, α, T) have only finitely many common zeros.

Proof
Any common zero ofL p(E, α, T) andL p(E, α, T) is a zero of bothG+ andG−. By
Theorem5.6, G+

= log+
p ·L+

p andG−
= log−

p ·L−
p with L±

p ∈ Z p[[T]]. Now log+
p

and log−p have no common zeros, whileL+
p andL−

p have only finitely many common
zeros (by Corollary5.11). From this we conclude thatG+ andG− share only finitely
many roots, completing the proof.

5.2.3. Functional equations for L±p (E, T)
The functional equation forL p(E, α, χu) reads

L p(E, α, χu) = εN · uc
· L p(E, α, χu−1),

whereεN is the negative of the sign offE (i.e.,wN( fE) = −εN fE) andc ∈ Z×
p is

such thatγ−c
= 〈N〉. Here〈·〉 : Z×

p � 1 + pZ p is the natural projection. In terms of
L p(E, α, T), we have

L p(E, α, T) = εN · (1 + T)c · L p

(
E, α,

1

1 + T
− 1

)
.

Both L+
p (E, T) andL−

p (E, T) satisfy a functional equation of this type.

THEOREM 5.13
With L+

p (E, T) and L−
p (E, T) as in Theorem5.1,

L+
p (E, T) = εN · (1 + T)c · L+

p

(
E,

1

1 + T
− 1

)
and

L−
p (E, T) = εN · (1 + T)c · L−

p

(
E,

1

1 + T
− 1

)
.

Proof
From Lemma4.6, we know that

log+
p

( 1

1 + T

)
= log+

p (T) and log−p
( 1

1 + T

)
= log−

p (T).
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So expressing the functional equation forL p(E, α, T) in terms of L+
p (E, T) and

L−
p (E, T) yields

log+
p (T) ·

(
L+

p (E, T)− εN(1 + T)cL+
p

(
E,

1

1 + T
− 1

))
= log−

p (T) ·

(
L−

p (E, T)− εN(1 + T)cL−
p

(
E,

1

1 + T
− 1

))
· α.

But the nonzero coefficients of the left-hand side have valuations inZ, while on the
right-hand side each has valuationn/2 with n an odd integer. This forces both sides to
be identically zero, and the functional equations forL+

p (E, T) andL−
p (E, T) follow.

5.3. Algebraic p-adic L-functions
In [22], Perrin-Riou constructed algebraicp-adic L-functions attached to elliptic
curves at odd supersingular primes. The natural setting of these algebraicp-adic L-
functions is a ring of power series with growth tensored by the Dieudonné module
associated to the elliptic curve.

Translating into our more naive language ofp-adic power series, for each rootα
of x2

− apx + p = 0 there exists an algebraicp-adic L-function (determined up to

a unit power series). ThisL-function (denoted byLalg
p (E, α, T)) is in A (Qp(α)) and

is O(logp(1 + T)1/2).

Remark 5.14
When context demands, we refer toL p(E, α, T) defined in Section2.3andL±

p (E, T)

constructed in Section5.2.2asLan
p (E, α, T) andLan,±

p (E, T), respectively, to empha-
size that they are analyticp-adicL-functions.

The following is the main conjecture for elliptic curves in the supersingular case (see
[22, page 985] and [23, Conjecture 3.1.1]).

CONJECTURE5.15 (Main conjecture)
Let E be an elliptic curve overQ with p a supersingular prime. Then

Lan
p (E, α, T) = u(T) · Lalg

p (E, α, T),

where u(T) is a unit inZ p[[T]].

As in the ordinary case, much progress has been made towards this result using Kato’s
construction of an Euler system for the Tate module ofE.
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THEOREM 5.16 (Kato)
Let p be an odd prime, and let E/Q be an elliptic curve. Then

Lan
p (E, α, T) = h(T) · Lalg

p (E, α, T),

where h(T) ∈ Z p[[T]] ⊗ Qp. Furthermore, if the Galois representation on the p-
torsion of E is surjective, then h(T) can be taken to be inZ p[[T]].

Proof
See [9, Theorem 12.5] and [23, Théor̀eme 3.1.3].

The results of Section5.1also apply toLalg
p (E, α, T) in the caseap = 0.

THEOREM 5.17
Let E/Q be an elliptic curve, and let p be an odd prime with ap = 0. Then

Lalg
p (E, α, T) = Lalg,+

p (E, T) · log+
p (T)+ Lalg,−

p (E, T) · log−
p (T) · α

with Lalg,+
p (E, T), Lalg,−

p (E, T) ∈ Z p[[T]] ⊗ Qp.

Proof
We have thatLalg

p (E, α, T) ± Lalg
p (E, α, T) vanishes atζ2n − 1 (resp.,ζ2n−1 − 1)

for n ≥ 1 (see [22, Proposition 2.1.4]). Furthermore, these algebraicL-functions are
O(logp(1 + T)1/2) (see [9, Theorem 16.4(ii)]). The theorem then follows from these
two facts as in the proof of Theorem5.1.

COROLLARY 5.18
If p is odd and ap = 0, then Lalg,±

p (E, T) | Lan,±
p (E, T) in Z p[[T]] ⊗ Qp.

Proof
This result is immediate from Theorem5.16.

6. Consequences for elliptic curves in the cyclotomic direction
Let Q∞ be the cyclotomicZ p-extension with subfieldsQn of degreepn overQ. The
arithmetic of an elliptic curveE along this extension is conjecturally controlled by
the special values ofLan

p (E, α, T). In this section we explore the conjectural conse-
quences of Theorem5.6 in this setting.

6.1. Iwasawa invariants of p-adic L-functions
For f (T) ∈ Z p[[T]] ⊗ Qp, we can write

f (T) = pµ( f )
· P(T) · U (T)
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with P(T) a distinguished polynomial of degreeλ( f ) andU (T) a unit power series.
The valuesµ( f ) andλ( f ) are the Iwasawa invariants off (T).

Such invariants can be attached to thep-adicL-function of an elliptic curve at an
ordinary primep. However, for a supersingular prime, theL-functions have growth
and do not have a singleλ- orµ-invariant. Instead, we can define twoλ-invariants and
twoµ-invariants for eachL-function based upon Theorem5.6and Theorem5.17.

Definition 6.1
Let E/Q be an elliptic curve withap = 0. Then define

λ±
an = λ(Lan,±

p ), λ±

alg = λ(Lalg,±
p ),

µ±
an = µ(Lan,±

p ), and µ±

alg = µ(Lalg,±
p ).

Remark 6.2
Theseλ- andµ-invariants were also defined by Perrin-Riou in [23]. Her method dif-
fers from the one presented here in that she constructs these invariants without need-
ing to build the underlying Iwasawa functionsLan,±

p (E, T) or Lalg,±
p (E, T). Her con-

struction also allows these invariants to be defined even in the case whereap 6= 0 (but
is still divisible by p).

In the ordinary case, R. Greenberg has conjectured that theµ-invariant vanishes when
E[p] is irreducible (see [7, Conjecture 1.11]). Whenp is supersingular,E[p] is al-
ways irreducible. This observation together with a large amount of numerical data
leads us to extend his conjecture to the supersingular case.

CONJECTURE6.3
Let E/Q be an elliptic curve, and let p be a prime such that ap = 0. Thenµ±

an =

µ±

alg = 0.

Both λ-invariants can be further refined. LetP be a distinguished polynomial. De-
composeP as a productPMW · PX, wherePMW vanishes (with correct multiplicity) at
all of the p-cyclotomic zeros ofP (i.e., the zeros of the formζn − 1). LetλMW be the
degree ofPMW, and letλX be the degree ofPX, so thatλ = λMW + λX.

In the following sections we give bounds for the analytic rank ofE(Q∞) and
asymptotic formulas for the analytic size ofX(E/Qn)p∞ in terms of theseµ- and
λ-invariants.

6.2. Growth of the Mordell-Weil group in the cyclotomic direction
Let E be an elliptic curve overQ, and letp be any prime number (not necessarily
supersingular forE).



THE p-ADIC L -FUNCTION AT A SUPERSINGULAR PRIME 549

Definition 6.4
The(p-adic) analytic rankof E(Qn) is defined by

r an(E(Qn)
)

=

∑
ζ

ordζ−1
(
Lan

p (E, α, T)
)
,

where the sum is taken over allpnth roots of unity and ordζ−1(·) represents the order
of vanishing atζ − 1.

Remark 6.5
The p-adic analytic rank should conjecturally agree with the (complex) analytic rank
of E(Qn) defined by the order of vanishing of the complexL-seriesL(E/Qn, s) at 1
so long asE has good reduction atp.

The following lemma says that in the supersingular case the above definition is inde-
pendent ofα.

LEMMA 6.6
Let E/Q be an elliptic curve, and let p be a supersingular prime for E with ap = 0.
Then ∑

ζ

ordζ−1
(
Lan

p (E, α, T)
)

=

∑
ζ

ordζ−1
(
Lan

p (E, α, T)
)
.

Proof
Let f (n) represent thenth derivative of f . ThenL(n)p (E, α, T) andL(n)p (E, α, T) are
conjugate power series related by someσ ∈ Gal(Qp/Qp). Note thatσ is independent
of n. Hence

ordζ−1
(
Lan

p (E, α, T)
)

= ordζ σ−1
(
Lan

p (E, α, T)
)
,

from which the lemma follows.

The stronger result that these sums should match up term by term is preferable and
expected from Birch and Swinnerton-Dyer–type considerations. We now prove this
when p ≡ 3 (mod 4).

LEMMA 6.7
Let E/Q be an elliptic curve, and let p≡ 3 (mod 4) be a supersingular prime for
E. If ζ is a pnth root of unity, then

ordζ−1 Lan
p (E, α, T) = ordζ−1 Lan

p (E, α, T).
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Proof
Let ζ be a pnth root of unity, and chooseσ ∈ Gal(Qp/Qp) such thatζ σ = ζ−1.
Since p ≡ 3 (mod 4) andα is a square root of−p, we haveασ = −α. (Consider
the representation ofα a Gauss sum.) ThereforeL(n)p (E, α, T) andL(n)p (E, α, T) are
conjugate power series byσ . We conclude that

ordζ−1−1 Lan
p (E, α, T) = ordζ−1 Lan

p (E, α, T).

Finally, from the functional equation forL p(E, α, T), we have

ordζ−1 Lan
p (E, α, T) = ordζ−1−1 Lan

p (E, α, T),

which yields the result.

By a theorem of D. Rohrlich (Theorem5.10), it is known thatE(Q∞) has finite
analytic rank. (This is now known algebraically via Kato’s Euler system even in the
supersingular case; see [25].)

In the ordinary case, it is clear thatr an(E(Q∞)) is bounded by theλ-invariant
of the p-adic L-function. (In fact, it is equal toλMW.) In the supersingular case, we
give bounds for this analytic rank in terms of theλ-invariants ofLan,+

p (E, T) and
Lan,−

p (E, T).

COROLLARY 6.8
For p a supersingular prime of E such that p≡ 3 (mod 4) and ap = 0,

r an(E(Q∞)
)

≤ λ
an,+
MW + λ

an,−
MW .

Proof
It suffices to prove the following claim:

ordζn−1 Lan
p (E, α, T) ≤

{
ordζn−1 Lan,−

p (E, T), 2 | n,

ordζn−1 Lan,+
p (E, T), 2 - n,

for any pnth root of unityζn. We consider the case wheren is odd; the case ofn even
is similar.

Applying Lemma6.7, we have ordζn−1 Lan
p (E, α, T) = ordζn−1 Lan

p (E, α, T);
we call this common valuem. Then G+(T) = (Lan

p (E, α, T) + Lan
p (E, α, T))/2

vanishes at least to orderm at ζn − 1. SinceG+
= Lan,+

p · log+
p and log+p is nonzero

at ζn − 1, we have thatLan,+
p also vanishes at least to orderm at ζn − 1.

6.3. Valuations of special values of L-series
The description of thep-adic L-function given in Theorem5.6 allows one to com-
pute the valuations of special values ofL-series twisted by finite-order characters
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of 1 + qZ p. Compare the following proposition to [11, Proposition 2.1] and to [23,
Proposition 4.1.2].

PROPOSITION6.9
Let E/Q be an elliptic curve, and let p be a prime such that ap = 0. Let χ be a
character ofZ×

p with order pn. Denote byτ(χ) the corresponding Gauss sum. Then
for p odd and n large enough,

ordp

(
τ(χ)

L(E, χ−1,1)

�E

)
=


pn−1

− pn−2
+ · · · + p − 1 + λ−

an

pn−1(p − 1)
+ µ−

an, 2 | n,

pn−1
− pn−2

+ · · · + p2
− p + λ+

an

pn−1(p − 1)
+ µ+

an, 2 - n.

For p = 2, the Iwasawa invariants of Lan,+
p (E, T) and Lan,−

p (E, T) are interchanged.

Proof
We give the argument forp andn odd; the other cases are similar. From the interpo-
lation property (Proposition2.11), we have

Lan
p (E, α, ζn − 1) =

1

αn+1
·

pn+1

τ(χ−1)
·

L(E, χ−1,1)

�E
,

whereχ(γ ) = ζn. Hence

τ(χ) ·
L(E, χ−1,1)

�E
= ±αn+1

· Lan
p (E, α, ζn − 1)

sinceτ(χ) · τ(χ−1) = ±pn+1. To compute the valuation of the right-hand side, we
use Theorem5.1. We have

Lan
p (E, α, ζn − 1) = log+

p (ζn − 1) · Lan,+
p (E, ζn − 1).

As usual, writeLan,+
p (E, T) = pµ

+
an · P+

· U+. SinceP+ is a distinguished polyno-
mial, if n is large enough, then the leading term ofP+ dominates and

ordp
(
Lan,+

p (ζn − 1)
)

= µ+
an +

λ+
an

pn−1(p − 1)
.

Lemma4.7 computes the valuation of log+
p (ζn − 1). Putting this all together yields

the result.

6.4. Growth of the Tate-Shafarevich group in the cyclotomic direction
In this section we derive asymptotic formulas for the growth of thep-part of the
analytic size ofX(E/Qn) (that is, the size ofX(E/Qn)p∞ as predicted by the Birch
and Swinnerton-Dyer conjecture).
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Define the analytic size of the Tate-Shafarevich group by

#Xan(E/Qn) :=
L(rn)(E/Qn,1) · #Etor(Qn)

2
·
√

D(Qn)

�E/Qn · R(E/Qn) · Tam(E/Qn)
,

whereD(Qn) is the discriminant,R(E/Qn) is the regulator, Tam(E/Qn) is the prod-
uct of the Tamagawa numbers,�E/Qn is the real period, andrn is the rank ofE(Qn)

(see [13, p. 57] for a precise statement of the Birch and Swinnerton-Dyer conjecture
in this level of generality). Furthermore, letr be the rank ofE(Q∞).

PROPOSITION6.10
Let

f an
n = ordp

( #Xan(E/Qn)

#Xan(E/Qn−1)

)
.

Then for n large enough and p odd,

f an
n =

{
pn−1

− pn−2
+ · · · + p − 1 + (λ−

an − r )+ pn−1(p − 1) · µ−
an, 2 | n,

pn−1
− pn−2

+ · · · + p2
− p + (λ+

an − r )+ pn−1(p − 1) · µ+
an, 2 - n.

(For p = 2, the roles of Lan,+
p (E, T) and Lan,−

p (E, T) are reversed.) Moreover, if
ordp(L(E,1)/�E) = 0, then fan

0 = f an
1 = 0 and the above formulas are valid for

n ≥ 2.

Proof
Pick n so large thatE(Qn) = E(Qn−1), Tam(E/Qn) = Tam(E/Qn−1), and
L(E, χ,1) 6= 0 for χ of order pn.

We then have

#Xan(E/Qn)

#Xan(E/Qn−1)
=

( ∏
χ

L(E/Q, χ,1)
�E/Q

)
· cn, (3)

where the product is taken over allχ corresponding toQn but not toQn−1 and with

ordp(cn) = pn−1(p − 1) ·
n + 1

2
− r.

One determines the valuation ofcn by computing the discriminant ofQn and noting

that R(E/Qn) = prn · R(E/Qn−1) and�E/Qn =
(
�E/Q

)pn

.
The result then follows from Proposition6.9, (3), and the fact that

ordp

( ∏
χ

τ(χ)
)

= pn−1(p − 1) ·
n + 1

2
,

where the product is taken over characters ofQn not corresponding toQn−1.
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Remark 6.11
In the case where ordp(L(E,1)/�E) = 0, p is odd, and the Galois representation
on E[p] is surjective, Kurihara has proven thatX(E/Qn)p∞ is finite, and its size
is indeed given by the above formulas predicted by Birch and Swinnerton-Dyer (see
[11]). Note that in this special case,λ±

an = µ±
an = 0.

Remark 6.12
More generally, Perrin-Riou has proven algebraic formulas for the size of thep-part
of X(E/Qn) (assuming its finiteness) in terms ofλ±

alg andµ±

alg by using the theory
of algebraicp-adic L-functions (see [23]). Her formulas agree with the ones above
assuming thatλ±

an = λ±

alg andµ±
an = µ±

alg (i.e., assuming that the main conjecture is
true).

Remark 6.13
When p is ordinary,

f an
n = (λan − r )+ pn−1(p − 1) · µan.

Remark 6.14
Kurihara’s and Perrin-Riou’s results imply that the size of the Tate-Shafarevich group
necessarily grows without bound in the cyclotomic direction. Comparing the formulas
of Proposition6.10to the formula of Remark6.13in the ordinary case, one sees that
the analytic explanation for this growth is the presence of the functions log±

p in the
p-adicL-function.

6.5. The Structure ofX(E/Qn)p∞

In [11], when ordp(L(E,1)/�E) = 0, Kurihara not only determined formulas for
the size ofX(E/Qn)p∞ , but he also determined its structure as a Galois module. Its
structure is described in terms of the modular elements of Mazur and J. Tate.

Definition 6.15
Let

θn(T) :=

∑
a∈(Z/pn+1)×

[ a

pn+1

]
· (1 + T)logp(a)/logp(γ ) ∈ Q[T]

be the modular element of Mazur and Tate.

Remark 6.16
Theθn live more naturally in the group algebraQ[Gal(Qn/Q)], where they have no
dependence on a choice ofγ . However, we define theθn in this less canonical way to
make their relation toLan,±

p more apparent in what follows.
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We have3 = Z p[[Gal(Q∞/Q)]] ∼= Z p[[T]] with the isomorphism determined by
our choice ofγ . The following theorem describes the structure ofX(E/Qn)p∞ as a
3-module.

THEOREM 6.17 (Kurihara)
Let E be an elliptic curve overQ, and let p be an odd prime such that
ordp(L(E,1)/�E) = 0, p - Tam(E/Q), and such that the Galois representation
on E[p] is surjective. Then

X(E/Qn)p∞ ∼= 3/(ωn, θn, ξnθn−1),

whereωn = (1 + T)pn
− 1 andξn = 8n(1 + T).

We wish to interpret the above isomorphism in terms ofLan,±
p , and hence we make

the assumption thatap = 0. Let

ω+
n =

∏
1≤2k≤n

82k(1 + T) and ω−
n =

∏
1≤2k−1≤n

82k−1(1 + T).

Note thatTω+
n ω

−
n = ωn.

PROPOSITION6.18
For E/Q an elliptic curve and p an odd prime with ap = 0, we have

θn ≡

{
ω−

n · Lan,−
p (modωn), 2 | n,

ω+
n · Lan,+

p (modωn), 2 - n.

Proof
We argue forn odd; the other case is similar. We have

θn = p(n+1)/2G+

n+1 = ω+
n L+

p,n+1,

whereG+

n+1 and L+

p,n+1 are defined as in Lemma5.9. So we need to verify that

Lan,+
p ≡ L+

p,n+1 (mod Tω−
n ). This amounts to checking thatLan,+

p andL+

p,n+1 agree
at zero and atζk − 1 for odd k ≤ n. The two functions agree at zero since their
constant terms are both the total measure ofZ×

p . Now for an oddk ≤ n, G+(ζk −

1) = G+

n+1(ζk − 1) since the Riemann sum perfectly approximates the integral. Also,
log+

p (ζk − 1) = p−(n+1)/2ω+
n (ζk − 1) from Lemma4.7. Hence

Lan,+
p (E, ζk − 1) =

G+(ζk − 1)

log+
p (ζk − 1)

= p(n+1)/2 G+

n+1(ζk − 1)

ω+
n (ζk − 1)

= L+

p,n+1(E, ζk − 1),

which completes the proof.
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From this proposition we have

(ωn, θn, ξnθn−1) = (ωn, ω
+
n · Lan,+

p , ω−
n · Lan,−

p ),

which in the case of Kurihara is simply the ideal(ω+
n , ω

−
n ) sinceLan,+

p andLan,−
p are

units. Hence
X(E/Qn)p∞ ∼= 3/(ω+

n , ω
−
n ),

which is completely independent of the curve and depends only upon the fact thatap

is zero! Kurihara explains this phenomenon quite well in his proof of Theorem6.17
by relating the Tate-Shafarevich group to the formal group of the elliptic curve which
depends only upon the value ofap.

We now conclude by stating a conjecture of Kurihara on the general structure of
Sel(E/Qn)p∞ rewritten in terms ofLan,±

p (E, T) via Proposition6.18.

CONJECTURE6.19 (Kurihara)
Let E/Q be an elliptic curve with p an odd prime such that ap = 0 and p -
Tam(E/Qn). Then if3n = Z p[Gal(Qn/Q)], we have

Fitt3n

(
Sel(E/Qn)

∧
p∞

)
= (ω+

n · Lan,+
p , ω−

n · Lan,−
p ),

where X∧
= Hom(X,Qp/Z p) andFitt3n(·) is the Fitting ideal as a3n-module.

7. Some data
In practice, theλ- andµ-invariants ofLan,±

p are quite easy to compute for twists of
curves with small conductor. We conclude with a table of the analytic invariantsµ±,
λ±

X, andλ±
MW for X0(32) twisted by various quadratic characters withp = 3 (see

Table 1). Specifically, we twist by characters with discriminant prime to 6 and of
absolute value less than 200. These computations were done on W. Stein’s modular
cluster using the programming language MAGMA.

If the Iwasawa invariants of a twist are all zero, they are not included in the table.
If the only nonzero data of a twist isλ±

MW = 1, then this data is also not included in
the table.

In the column labeled “roots” the general entry(r : s) representsr roots of slope
s. A small dot next to such an entry signifies that these arep-cyclotomic roots (i.e.,
of the formζn − 1). A root at zero that is forced by the functional equation is not
included in the table.

Note that the conjectural arithmetic significance of these zeros (and their slopes)
is given by the work of Kobayashi in [10].
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Table 1. Twists of 32A with p = 3

D r λ+
X λ+

MW roots λ−
X λ−

MW roots

13 1 2 1 (2:12) 0 1 -

37 1 0 3 (2:12)· 0 1 -

41 2 2 2 (2:∞)· (1:2) 0 2 (2:∞)·

(1:1)

53 1 0 3 (2:12)· 0 1 -

61 1 1 1 - 2 1 (2:12)

65 2 0 2 (2:∞)· 0 2 (2:∞)·

77 1 0 1 - 2 1 (2:12)

85 1 0 1 - 2 1 (2:1)

101 1 2 1 (2:32) 0 1 -

133 1 0 1 - 2 1 (2:12)

137 2 0 2 (2:∞)· 2 2 (2:∞)· (2:12)

145 2 0 2 (2:∞)· 0 2 (2:∞)·

149 1 2 1 (2:12) 12 1 (12: 1
12)

161 2 0 2 (2:∞)· 0 2 (2:∞)·

181 1 0 1 (2:12)· 0 1 -

197 1 0 1 (2:12)· 2 1 (2:12)

−23 1 1 0 - 2 1 (2:1)

−43 0 8 0 (2:12) (6:16) 2 0 (2:1)

−47 1 2 1 (2:1) 2 1 (2:32)

−71 1 0 1 - 2 1 (2:12)

−103 1 0 1 - 6 1 (6:16)

−107 0 2 0 (2:1) 6 0 (2:12) (4:14)

−127 1 2 3 (2:12)· (2:12) 4 1 (4:12)

−131 0 2 0 (2:1) 2 0 (2:1)

−143 1 0 1 - 2 1 (2:12)

−163 0 2 0 (2:1) 2 0 (2:1)

−167 1 4 1 (4:14) 2 1 (2:12)

−191 1 2 1 (2:1) 0 1 -

−199 1 0 1 - 6 1 (6:16)
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(1993), 227 – 232.MR 94k:11071 543

[4] C. BREUIL, B. CONRAD, F. DIAMOND,andR. TAYLOR, On the modularity of elliptic
curves overQ: Wild 3-adic exercises, J. Amer. Math. Soc.14 (2001), 843 – 939.
MR 2002d:11058541
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